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^ . Abstract 

We introduce notions of open-string vertex algebra, conformal open- 
en , string vertex algebra and variants of these notions. These are "open- 
string-theoretic," "noncommutative" generalizations of the notions of 
vertex algebra and of conformal vertex algebra. Given an open-string 
vertex algebra, we show that there exists a vertex algebra, which we 
call the "meromorphic center," inside the original algebra such that 
■ the original algebra yields a module and also an intertwining operator 
for the meromorphic center. This result gives us a general method 
| for constructing open-string vertex algebras. Besides obvious exam- 
00 1 pies obtained from associative algebras and vertex (super)algebras, we 

give a nontrivial example constructed from the minimal model of cen- 
^ I tral charge c = |. We establish an equivalence between the associative 

algebras in the braided tensor category of modules for a suitable ver- 



tex operator algebra and the grading-restricted conformal open-string 
vertex algebras containing a vertex operator algebra isomorphic to the 
given vertex operator algebra. We also give a geometric and operadic 
formulation of the notion of grading-restricted conformal open-string 
^ , vertex algebra, we prove two isomorphism theorems, and in particular, 

we show that such an algebra gives a projective algebra over what we 
call the "Swiss-cheese partial operad." 



Introduction 

In the present paper, we introduce and study "open-string-theoretic," "non- 
commutative" generalizations of ordinary vertex algebras and vertex oper- 
ator algebras, which we call "open-string vertex algebras" and "conformal 
open-string vertex algebras." This is a first step in a program to establish 
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the fundamental and highly nontrivial assumptions used by physicists in the 
study of boundary (or open-closed) conformal field theories as mathemati- 
cal theorems and to construct such theories mathematically. See [H9j and 
HK2 for definitions of open-closed conformal field theory in the spirit of 
the definition of closed conformal field theory first given by Segal [5Tj |53] 
and Kontsevich in 1987 and further rigorized by Hu and Kriz [HKlj recently. 
More recently, Moore suggested in |M3j that in order to generalize a certain 
formula relating a nonlinear a model and the i-T-theory on its target space 
to conformal field theories without obvious target space interpretation, one 
should define some kind of algebraic i^-theory for "open string vertex opera- 
tor algebras." We hope that the notions and results in the present paper will 
provide a solid foundation for the formulation and study of such a .fT-theory. 

Vertex (operator) algebras were introduced in mathematics by Borcherds 
in [B] . They arose naturally in the vertex operator construction of representa- 
tions of affine Lie algebras and in the construction and study of the "moon- 
shine module" for the Monster finite simple group by Frenkel-Lepowsky- 
Meurman jFLMj and Borcherds jB] ■ The notion of vertex (operator) algebra 
corresponds essentially to the notion of what physicists call "chiral algebra" 
in (two-dimensional) conformal field theory, a fundamental physical theory 
studied systematically first by Belavin, Polyakov and Zamolodchikov |BPZj . 
Vertex operator algebras can be viewed as "closed-string-theoretic" analogues 
of both Lie algebras and commutative associative algebras, and they play im- 
portant roles in a range of areas of mathematics and physics. 

Recently, in addition to the continuing development of (closed) conformal 
field theories, boundary conformal field theories (open-closed conformal field 
theories) have attracted much attention. Boundary conformal field theory 
was first developed by Cardy in jCJlj . jCJ2] and jCJ3] and play a fundamental 
role in many problems in condensed matter physics. It has also become one of 
the main tools in the study of open strings and D-branes (certain important 
nonperturbative objects in string theory). Besides the obvious problem of 
constructing and classifying open-closed conformal field theories, the study 
of D-branes in physics and their possible applications in geometry have led 
to exciting and interesting mathematical problems. If open-closed conformal 
field theories associated to Calabi-Yau manifolds or other geometric objects 
are constructed eventually, they will provide even more powerful tools in 
geometry than the corresponding closed conformal field theories (see, for 
example, the survey jD] by Douglas). The paper |M3j by Moore mentioned 
above gave another example of the exciting and interesting mathematical 
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problems associated to open-closed conformal field theories. 

In the framework of topological field theories, boundary topological field 
theories (open-closed topological field theories) have been studied in detail 
by Lazaroiu [L and by Moore and Segal |Mlj |M2j [5*4] . In this topological 
case, an open-closed topological field theory is roughly speaking a (typically 
noncommutative) Frobenius algebra and a commutative Frobenius algebra 
equipped with some other data and satisfying suitable conditions. The com- 
mutative Frobenius algebra is the state space for the closed string part of the 
theory and the (typically noncommutative) Frobenius algebra is the state 
space for the open string part of the theory. 

To construct and study open-closed conformal field theories, one first has 
to find the analogues in the conformal case of commutative and noncommuta- 
tive associative algebras. Since the corresponding algebras in the conformal 
case must be infinite-dimensional, their construction and study are much 
more difficult than the topological ones. In the conformal case, one lesson we 
have learned from various methods used by physicists is that the construction 
and study of chiral theories are necessary and crucial steps. If chiral theories 
are constructed, full theories can be constructed using unitary bilinear forms 
on substructures of chiral theories called "modular functors." In fact, it is 
also the chiral theories which are more similar to topological theories than 
full theories. It is clear that analogues of commutative associative algebras 
in the chiral conformal case are vertex (operator) algebras. To construct 
and study open-closed conformal field theories, one first has to answer the 
following question: What are the analogues of noncommutative associative 
algebras in the conformal case? 

Assuming the existence of the structure of a modular tensor category 
on the category of modules for a vertex operator algebra and the existence 
of conformal blocks with monodromies compatible with the modular tensor 
category, Felder, Frohlich, Fuchs and Schweigert |FFFSj and Fuchs, Runkel 
and Schweigert |FRSlj |FRS2j studied open-closed conformal field theory 
using the theory of tensor categories and three-dimensional topological field 
theories. They showed the existence of consistent operator product expansion 
coefficients for boundary and bulk operators. In particular, special symmetric 
Frobenius algebras in the modular tensor categories of modules are proposed 
as analogues in the conformal case of (typically noncommutative) Frobenius 
algebras in the topological case. However, since these works are based on 
the fundamental assumptions mentioned above, even in the genus-zero case, 
the corresponding open-string-theoretic and noncommutative analogues of 
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vertex operator algebras have not been fully constructed and studied, and 
even chiral open-closed conformal field theories on the disks (the simplest 
parts of open-closed conformal field theories) have not been fully constructed. 

The present paper is a first step in a program for establishing the funda- 
mental and highly nontrivial assumptions mentioned above as mathematical 
theorems, using the results on representations of vertex operator algebras and 
closed conformal field theories. In particular, we solve the problem of con- 
structing open-closed conformal field theories on the disks satisfying certain 
differentiability and meromorphicity conditions by introducing, constructing 
and studying open-string vertex algebras, conformal open-string vertex alge- 
bras and some other variants. These algebras are the open-string-theoretic or 
noncommutative analogues of vertex (operator) algebras we are looking for 
and, as we shall discuss in future publications, D-branes can be formulated 
and studied as irreducible modules for suitable open-string vertex algebras. 
Given an open-string vertex algebra, we show that there exists a vertex alge- 
bra, which we call the "meromorphic center," inside the open-string vertex 
algebra such that the open-string vertex algebra yields a module and also 
an intertwining operator for the meromorphic center. This relation between 
open-string vertex algebras and the representation theory of vertex alge- 
bras gives us a general method for constructing open-string vertex algebras. 
Besides obvious examples obtained from associative algebras and vertex (su- 
per) algebras, we give a nontrivial one constructed from the minimal model of 
central charge c = |. We establish an equivalence between grading-restricted 
conformal open-string vertex algebras containing a suitable vertex operator 
algebra and associative algebras in the braided tensor category of modules for 
the vertex operator algebra. We also give a geometric and operadic formula- 
tion of the notion of grading-restricted conformal open-string vertex algebra, 
we prove two isomorphism theorems (establishing the equivalence of geomet- 
ric notions and algebraic notions), and in particular, we show that such an 
algebra gives a projective algebra over what we call the "Swiss-cheese partial 
operad." 

Here is the organization of the present paper: In Section 1, we introduce 
the notions of open-string vertex algebra, conformal open-string vertex alge- 
bra and other variants. The connection between open-string vertex algebras 
the representation theory of vertex (operator) algebras is given in Section 2. 
Examples of (conformal) open-string vertex algebras are presented in Sec- 
tion 3. In Section 4, we show that for a vertex operator algebra satisfying 
certain finiteness and complete reductivity properties, associative algebras in 
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the braided tensor category of modules for the vertex operator algebra are 
equivalent to grading-restricted conformal open-string vertex algebras con- 
taining the vertex operator algebra in their meromorphic centers. The geo- 
metric and operadic formulation of the notion of grading-restricted conformal 
open-string vertex algebra, the construction of projective algebras over the 
Swiss-cheese partial operad and the proof of the corresponding isomorphism 
theorems are given in Section 5. 

We shall use C, W, H, M , E, R x , E + , Z, Z + and N to denote the sets 
(with structures) of the complex numbers, the open upper half plane, the 
closed upper half plane, the one point compactification of the closed upper 
half plane, the nonzero real numbers, the positive real numbers, the integers, 
the positive integers and the nonnegative integers, respectively. For any 
z G C x and n G C, we shall always use \ogz and z n to denote log \z\ + argz, 

< axgz < 27r, and e nlogz , respectively. 

Acknowledgment We would like to thank Jiirgen Fuchs and Christoph 
Schweigert for helpful discussions and comments. We are also grateful to 
Jim Lepowsky for comments. The research of Y.-Z. H. is supported in part 
by NSF grant DMS-0070800. 

1 Definitions and basic properties 

We introduce the notion of open-string vertex algebra and its variants and 
discuss some basic properties of these algebras in this section. We assume 
that the reader is familiar with the basic notions and properties in the theory 
of vertex operator algebras as presented in |FLMj and |FHLj . 

In the present paper, all vector spaces are over the field C. For a vector 
space V, we shall use V~ to denote its complex conjugate space, which is 
characterized by the fact that if \J — 1 acts as J on the underlying real vector 
space of V, then \/— 1 acts as — J on the underlying real vector space of V~ . 
For an M-graded vector space V = IJneK ^( n ) anc ^ an y n £ R, we shall use 
P n to denote the projection from V or V = Ylnm ^° ^M- We give V 
and its graded dual V = U ngM V?\ the topology induced from the pairing 

between V and V. We also give Hom(V, V) the topology induced from the 
linear functionals on Hom(V, V) given by / i— > (v 1 , f(v)) for / G Hom(V, V), 
v eV and v' G V. 
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Definition 1.1 An open-string vertex algebra is an R-graded vector space 
V = U ngM V(n) (graded by weights) equipped with a vertex map 

Y° : V x R + -> Hom(y, V) 
(u,r) i— > r) 

or equivalently, 

F°:(F®F)xR + -> F 

(u®v,r) I— > F°(n,r)ti, 

a vacuum 1 G V and an operator D G End V of weight 1, satisfying the 
following conditions: 

1. Vertex map weight property: For ni, n 2 G R, there exist a finite subset 
iV(ni, n 2 ) C R such that the image of (LLeni+z V(n) <8> \l n en 2 +z 

V {n) ) x 

R+ under Y° is in II„ e jv(„ 1) „ a )+z V <A- 

2. Properties for the vacuum: For any r G R + , Y°(l,r) = id v (the 
identity property) and lim r _^ y°(w, r)l exists and is equal to u (the 
creation property). 

3. Local-truncation property for D'\ Let D' : V — > V be the adjoint of 
/}. Then for any v' G V, there exists a positive integer such that 
{D'fv 1 = 0. 

4. Convergence properties: For . . . , v n , v G V and t>' G V, the series 

(u',y (ui,ri)...y°(7; n ,r» 

= Yl < u '> y °(^' r 2 ) • • • P mn _ i y°K, r» 

mi,...,m„_i£R 

converges absolutely when ri > • • • > r n > 0. For vi,v 2 ,v G V and 
i>' G V, the series 

(^,y o (y o (^,r )^,r 2 )^) 

converges absolutely when r 2 > r > 0. 
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5. Associativity: For V\,v 2 ,v G V and v' G V, 



(v',Y (v uri )Y (v 2 ,r 2 )v) = (v', Y (Y (vi, r x — r 2 )v 2 , r 2 )v) 
for ri, r 2 G M satisfying r x > r 2 > r\ — r 2 > 0. 

6. d-bracket property: Let d be the grading operator on V, that is, du = 
mu for m G M and w G V( m ). For u <E V and r G M + , 

[d, r)] = Y"°(dw, r) + r^-Y°(u, r). (1.1) 

ar 

7. D -derivative property: We still use D to denote the natural extension of 
D to Hom(\^, V). For mgV, r) as a map from IR + to Hom(V, V) 
is differentiable and 

^-Y°(u, r) = [D, Y°(u, r)] = Y°(Du, r). (1.2) 

Homomorphisms, isomorphisms, subalgebras of open-string vertex alge- 
bras are defined in the obvious way. 

We shall denote the open- string vertex algebra by (V, Y , 1,D) or simply 
V. For u G V and r G R+, we call the map Y" (w, r) : V — > V the vertex 
operator associated to u and r. 

Remark 1.2 Note that in the definition above, the real number r in the 
vertex operator Y°(u,r) is positive, not in M x . So a natural question is 
whether one has natural vertex operators associated to negative real numbers 
so that we have a vertex map Y° from (V <8> V) x M x to V. The answer is 
yes. For any u, v G V and r G — K+, we define 

Y°{u, r)v = e rD Y°(v, -r)u. (1.3) 

(Note that e rD Y°(t> , — r)w is a well-defined element of V by the local-truncation 
property for D'.) Note that ()1.3j) resembles the skew-symmetry for vertex 
operator algebras. We know that the skew-symmetry is analogous to commu- 
tativity for commutative associative algebras. But (|1.3|) does not give a skew- 
symmetry property and is not an analogue of the commutativity mentioned 
above. Instead, (jl.3|) is an analogue of the relation between the product and 
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the opposite product for an associative algebra. In fact, for an associative 
algebra V, we can define an opposite product 

(uv) op = vu (1.4) 

for u, v G V. We can also define an open-string vertex algebra in terms of 
a vertex map of the form V (g) V x IR X — ► V and then (jl.3j) becomes an 
axiom. In applications, it is convenient to have vertex operators associated 
to negative numbers. For example, since 

(v',Y o (Y o (v h r )v 2 ,r 2 )v) = ^ (v', Y (P m Y ( Vl , r )v 2 , r 2 )v) 

= Yl ^ D 'v\ Y °( v > -r2)PmY°(v u r )v 2 }, 

the left-hand side (a matrix elements of an iterate of vertex operators) is 
absolutely convergent when r 2 > r$ > if and only if the right-hand side 
(a matrix element of a product of vertex operators) is. (Note that by the 
local-truncation property for D', e T2D v' G V.) In fact, one can prove that 
for i>i, . . . , v n , v G V and v' G V, the series 

(v', y°(vi,ri)---y°(v ft ,r» 

= Yl ( v '> r i)P mi Y°(v 2l r 2 ) - • • P mn _,Y°(v n , r n )v) 

mi,...,m„_i£l 

converges absolutely when \r\\ > ■■■ > \r n \ > 0. One can also prove the 
absolute convergence of all the products and iterates of vertex operators 
associated to real numbers in natural regions. For the skew-symmetry for 
Y°, see Remark 11.61 

We still use d to denote the natural extension of d to an element of 
Hom(F, V). 

Proposition 1.3 The d-bracket property M.l)) for allu G V and r G M +; is 

equivalent to the d- conjugation property 

a d Y°{u, r)a- d = Y°{a d u, ar) (1.5) 
for all u G V , r G M + and a G R+. We also have 1 G V(o) and Dl = 0. 
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Proof. If (|H)D holds for all w G V, r G E + and a G M + , then 

e sd F°(n, r)e~ sd = Y°{e sd u, e s r) (1.6) 

for all u G V^, r G M + and s£l Taking the derivative with respect to s of 
both sides of (jl.fi j) and then letting s = 0, we obtain (jl.lj) . 

Conversely, assume that ()1.1|) holds for all u G and r G Let 
u,u G y and v' G V be homogeneous. We have 

(v',[d,Y°(u,r)}v) = (d'v',,Y°{u,r)v) - (v',,Y°{u,r)dv) 

= (wt v' -wt v)(w,Y°(u,r)v), (1.7) 

where d' is the adjoint of d. On the other hand, 

v', [Y°(du, r) + r-^Y°(u, r) ] v) = ( wt u + r— j (V, 7°(m, r». 



dr J / \ dr 

(1.8) 

By (jO]l . JUZJ) and (jTTSj) . we see that /(r) = (V, Y°(u, r)v ) satisfies the 
differential equation 

df(r) 

r — - — = (wt v — wt u — wt v)f(r) 

Any solution of this equation is of the form Cr wt w ~ wt u_wt v for some C G C. 
In particular, (v', Y (u, r)v ) is of this form. Therefore, 

(v',a d Y°{u,r)a- d v) = (aV, Y°(u, r) a - d v) 

= a wtv '- wtv (v',Y°{u,r)v) 

Cct w ^ V '~~ W ^ V f W ^ w ~ w ^ u ~ w ^ V 

/-Y Wt \wt W—Wt U—Wt V 

— O Ob I (XT J 

= (v',Y°(a d u,ar)v). 

Since such u,v span V and such v' spans V, we obtain (jl.5j) . 

The identity property, the creation property and (jl.lj) imply dl = 
which means 1 G V(o). The identity property and the D-derivative property 
imply Dl = 0. I 

The d-conjugation property also has the following very important conse- 
quence: 
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Proposition 1.4 For u G V, there existu^ G End V of weights wt u — n — 1 
for n6l such that for r G M. + , 

Y°(u,r) = J2<r— 1 . (1.9) 

neR 

Proof. For homogeneous u & V and net, let w+ G End V be defined by 

u n v = -fwt u-n— 1+wt «y (u, l)f 

for homogeneous f G V". Then by the d-conjugation property, for any homo- 
geneous u, v G V, 

Y°(u,r)v = r d Y°{r- A u,l)r- A v 

= r ~ wt 



-n-l 



wt lyd ^ u n 1+wt v Y°(u, l)v 

neK 

^^wt u-n-i+wt vY°(u, l)vr~ 

neK 



u'vr n 1 . 



Remark 1.5 In the proposition above, (jl.9|) holds only for r G M + . In fact, 
there are also u~ G End V of weights wt u — n — 1 for n G K such that for 
r G -R+, 

Y°(u, r ) = J2<r- n -\ 

But in general u~ ^ w+. In this paper, we shall not use u~, n G R. 

From Proposition ll.4l we see that for any ugF, there is a formal-variable 
vertex operator 

= J^m+x^ 1 G (End ^[[^aT 1 ]] 

where x is a formal variable. We shall also use the notation yf(u, z) to denote 
the vertex operator associated to u G V and a nonzero complex number z, 
that is, 



utz- n -\ 
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(Note that by our convention, for z G C x , 2~ n ~ 1 = e^~ n ~ 1 ^ logz for n G M, 
where log 2; = log|^| +iaigz, < argz < 2ir.) Thus for u (z V , Y°(u,r) = 
yf(u, r) for r G M+ but in general Y (u, r) 7^ 3^ (u, r) for r G — M.+ . 

Remark 1.6 As we have discussed in Remark 11.21 (jl.3|) has nothing to do 
with skew-symmetry. In fact, if yf satisfies 



yf(u,x)v = e xL (- x) y f {v,y) 



u 



for u,v G V, then we say that Y° has skew-symmetry. (For simplicity, 
in the remaining part of this paper, we shall use y*(v, —x)u to denote 
3^ ■'(v, y)u\ y n =e mri x n t ne ]R.) Note that skew-symmetry for Y° gives a relation 
between Y (u,r)v and its analytic extension to the negative real line for 
u, v G V and r G M + while (jl.3|) gives a relation between y (u, r)v and 
V (v, — r)u for it, f G V and r G K.+. Clearly, these two relations are in 
general different. 

Proposition 1.7 The d-bracket and D-derivative properties hold for y * , 
that is, M-l)) and hi. 1^1 hold when Y° is replaced by y$ and r is replaced 
by the formal variable x. We also have the following d- and D-conjugation 
properties: For u G V and y another formal variable, 

y d yf(u,x)y- d = yf(y d u,yx), 

and 

y f (u, x + y)= e yD y f (u, x)e~ yD = y f (e yD u, x). (1.10) 

In particular, these conjugation formulas also hold when we substitute suitable 
complex numbers for x and y such that both sides of these formulas make 
sense as (or converges to) maps from V to V. 

Proof. The d-bracket formula and D-derivative property follow from the 
definition of the formal-variable vertex operators and the corresponding prop- 
erties for the defining vertex map. The d-conjugation property for the formal 
vertex operator follows immediately from (jl.5|) . The D-conjugation property 
follows from the D-derivative property. ■ 

We have the following easy consequence of Proposition 11.71 
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Corollary 1.8 For any u G V, 

y f (u,x)l = e xD u. (1.11) 
Proof. By the creation property, we see that for any r G R+ and any w G V, 
y°(«,r)l= ^ u+lr-*" 1 

ne(-R+-l)U{-l} 

and uiil = But by the D-derivative property, 

lim — Y°(u,r)l = limY°(D k u,r)l 
= D k u 

for fceN. Thus we see that 



Y°(«,r)l= ]T u+1 



r n-l 



ne- 



So yf(u, x)l is a power series in x and lim z ^ yf(u, x)l = u. By these 
properties, Dl — and the D-conjugation property for J^, we obtain 

y*(u, y)l = lim yHu, x + y)l 

= lime i/D 3 ;/ (M,a;)e^ D l 

= hw^y^xu 

= e yD w, 

proving (jl.lljl . I 
Proposition 1.9 The formal vertex operator map yf has the following prop- 



Convergence: The series 




{v',yf{v x , Zl )yf{v 2 ,z 2 )v), 


(1.12) 


{v',y f {v 2 ,z 2 )yf{v u z 1 ) v ), 


(1.13) 


(v', y f (y f (vi, zi - z 2 )v 2 , z 2 )v), 


(1.14) 


(v',yf(y f (v 2 ,z 2 -z 1 )v 1 , Zl )v) 


(1.15) 


are absolutely convergent in the regions \z±\ > \z 2 \ > 0, 


\z 2 \ > \zi\ > 0, 



\z 2 \ > \zi — z 2 \ > 0, \zi\ > \z% — z 2 \ > 0, respectively. 
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2. Associativity: For Vi,v 2l v G V andv' G V , \1.12}) and are equal 

in the region \z\\ > \z 2 \ > \z\ — z 2 \ > 0, and M.lty) and M.15\) are equal 
in the region \z 2 \ > \zi\ > \zi — z 2 \ > 0. 

Proof. By definition, (fTTT^il. (jTHSj) , flTTTHl and (jTTHl) converge absolutely 
when ^1,^2 £ satisfying > z 2 > 0, z 2 > z i > 0, 22 > z\ — z 2 > and 
z l > z x - z 2 > 0, respectively. Consequently, (fTT^l) . (fTTTBl . (Oil and (TTT5|) 
converge absolutely for z x ,z 2 G C satisfying > \z 2 \ > 0, |z 2 | > \zi\ > 0, 
l^l > \z\ — z 2 \ > \zi I > \z\ — z%\ > 0, respectively. The convergence is 
proved. 

In particular, (jl,12|) and (|1.14j) give (possibly multivalued) analytic func- 
tions defined on the regions \z\\ > \z 2 \ > and \z 2 \ > \z x — z 2 \ > 0, respec- 
tively. By associativity for Y°, ()1.12|) and p,14|) are equal for zi,z 2 G M+ 
satisfying z\ > z 2 > Z\ — z 2 > 0. By the basic properties of analytic functions, 
(jl.l2|) and (jl.l4|) are equal for z±, z 2 G C satisfying \z\\ > \z 2 \ > \z\ — z 2 \ > 
(the intersection of the regions |zi| > \z 2 \ > and \z 2 \ > \z\ — z 2 \ > on 
which the analytic functions (jl,12p and (jl,14j) are defined). The second part 
of the associativity for yf can be obtained from the first part by substituting 
v 2) v±, z 2 and z\ for vi, v 2 , z\ and z 2 . ■ 

Definition 1.10 A grading-restricted open-string vertex algebra is an open- 
string vertex algebra satisfying the following conditions: 

8. The grading-restriction conditions: For all n G M, dimV( n ) < 00 (the 
finite-dimensionality of homogeneous subspaces) and Vi n ) = when n 
is sufficiently negative (the lower-truncation condition for grading). 

A conformal open-string vertex algebra is an open-string vertex algebra 
equipped with a conformal element u G V satisfying the following conditions: 

9. The Virasoro relations: For any m, n G Z, 

[L(m), L{n)\ = (m - n)L(m + n) - — (m 3 - m)5 m+nfi , 
where L(n), n G Z are given by 

Y°(u,r) = ^L(n)r~ n - 2 

and c G C. 
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10. 



The commutator formula for Virasoro operators and formal vertex op- 
erators (or component operators): For v G V, y'(u,x)v involves only 
finitely many negative powers of x and 



[yf(cu, Xl ), yf(v, x 2 )} = Resox^S D^V, x )v, x 2 ). 

11. The L(0) -grading property and L(— 1)- derivative property: L(0) = d 
and L(-l) = £>. 

A grading-restricted conformal open-string vertex algebra or open-string 
vertex operator algebra is a conformal open-string vertex algebra satisfying 
the grading-restriction condition. 

We shall denote the conformal open-string vertex algebra defined above 
by (V,Y ,l,u) or simply V. The complex number c in the definition is 
called the central charge of the algebra. Note that the grading-restriction 
conditions imply the local-truncation property for D' . 

Proposition 1.11 Let V be a grading-restricted open-string vertex algebra. 
Then for u, v G V, u^v = if n is sufficiently negative. 

Proof. This follows immediately from the lower-truncation condition for 
grading and the fact that the weights of w+ for n G 1 is wt m - n — 1. 



2 Intertwining operators and open-string ver- 
tex algebras 

In this section, we establish a connection between open-string vertex algebras 
and intertwining operator algebras. We assume that the reader is familiar 
with the basic notions and properties in the representation theory of vertex 
operator algebras and we also assume that the reader is familiar with the 
notion of intertwining operator algebra. See t FHE] , |H7j and [H8j for details. 

Let V be an open-string vertex algebra and S a subset of V. Then the 
open-string vertex subalgebra ofV generated by S is the smallest open-string 
vertex subalgebra of V containing S. 
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Proposition 2.1 Let V be a conformal open-string vertex algebra and (u) 
the open-string vertex subalgebra ofV generated by u>. Then (u) is in fact a 
vertex operator algebra. In particular, V is a module for the vertex operator 
algebra (uj) . 

Proof. All the axioms for a vertex operator algebra are satisfied by (u) obvi- 
ously except for the commutativity or equivalently the commutator formula. 
But the Virasoro relations imply the commutator formula for the vertex op- 
erators for (u). ■ 

More generally, we have the following generalization: Let V be an open- 
string vertex algebra and let 

C (V) = L e ]Jv in) | y f (u,x) e (End V)[[x,x-% 

yf( V} x)u = e xD y f (u, -x)v, Vu g v\. 

In particular, for elements of Cq(V), skew-symmetry holds. Clearly Cq(V) is 
not zero since by p. lip . 1 G Cq{V). 

For an open-string vertex algebra V, the formal vertex operator map y* 
for V induces a map from C (V) ® C (V) to V[[x, x^ 1 ]]. We denote this map 
by y f \c (v)- We first need: 

Proposition 2.2 Let V\ G Cq(V), V2,v G V and v' G V . Then there exists 
a (possibly multivalued) analytic function on 

M 2 = {(z h z 2 ) G C 2 | Zl , z 2 ^ 0, z x ± z 2 } 

such that it is single valued in Z\ and is equal to the (possibly multivalued) 
analytic extensions of il.lty) . M.lty . and in the regions \z\\> 

\z 2 \ > 0, \z 2 \ > \zi\ > 0, \z 2 \ > \z\ — z 2 1 > and \z\\ > \zi — z 2 \ > 0, 
respectively. Moreover, if v 2 is in Cq(V), then this analytic function is single 
valued in both Z\ and z 2 . If V satisfies the grading-restriction condition, 
then this analytic function is a rational function with the only possible poles 
zx, z 2 = and z\ = z 2 . 

Proof. By Proposition 11.91 (|1. 12(1 . ()1.13|) and p,14j) are absolutely conver- 
gent in the regions \z\\ > \z 2 \ > 0, \z 2 \ > \ Zl \ > 0, \z 2 \ > \z\ — z 2 \ > 0, 
respectively, and the associativity for yf holds. 



15 



Since V\ G C (V), by definition, y^ {v\,x)v 2 G V[[x, x 1 ]] and we have the 
skew-symmetry 



y f (v u x)v 2 = e xD y f (v 2 ,-x)v 1 , 
y s {v 2) x) Vl = e xD y f (v u -x)v 2 . 

In (H7J it was proved that commutativity for intertwining operators fol- 
lows from associativity and skew-symmetry for intertwining operators. For 
reader's convenience, here we give a proof of commutativity in the special 
case in which we are interested. 

By associativity, ()1.12|) and ()1.14|) are equal in the region \z\\ > \z 2 \ > 
\zi — z 2 \ > 0. By associativity also, (jl,13|) and (jl,15|) converge absolutely to 
analytic functions defined on the regions \z 2 \ > \z\\ > and \z\\ > \z\ — z 2 \ > 
0, respectively, and are equal in the region \z 2 \ > \zi\ > \z\ — z 2 \ > 0. 
By skew-symmetry and the D-derivative property, for Zi,z 2 G C satisfying 
\ z i\ > \zi — z 2 \ > and \z 2 \ > \z\ — z 2 \ > 0, we have 

(v',yf{y f (v 1 ,z 1 -z 2 )v 2 ,z 2 )v) 

= {v\ y f (e^- z ^ D y f (v 2 , -( Zl - z 2 ))v u z 2 )v) 

= W, y f (y f (v 2 , z 2 - Zl ) Vl , z 2 + ( Zl - z 2 ))v) 
= (v, y f (y f (v 2 , z 2 - z x )v u zi)v), 

that is, in the region given by \zi\ > \z\ — z 2 \ > and \z 2 \ > \zi — z 2 \ > 0, 
(|1.14|) and (jl,15j) are equal. Since (|1.12|) is equal to (|1.14|) in the region 
\%i | > \ z 2\ > \zi — z 2 1 > 0, (jl.l4|) is equal to f)l. 15|) in the region given by 
\zi\ > \z\ — z 2 \ > and \z 2 \ > \z\ — z 2 \ > 0, and (|1.15|) is equal to (|1.13|) 
in the region \z 2 \ > \zi\ > \zi — z 2 \ > 0, we see that (jl.l2j) and (|1.13|) are 
analytic extensions of each other. So commutativity is proved. 

Now we prove the existence of the function stated in the proposition. By 
skew-symmetry, we have 

y f (v, z)l = e zD y f {l, -z)v = e zD v 

for any v G Cq{V). Thus by definition, for V\ G Cq(V), v 2 ,v G V and 

v' g (c (v)y, 

{v\y f {v 1 ,z l )y f {v 2 ,z 2 )e z " D v) = {v\y f {v 1 ,z l )y f {v 2 ,z 2 )y f {v,z^)i) 

converges absolutely for zi,z 2 ,z 3 G IR X satisfying \ Z \\ > \z 2 \ > \z 3 \ > 0. 
Consequently it also converges absolutely for zi,z 2 ,z 3 G C satisfying \z\\ > 
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\ z z\ > 1^3 1 > 0- Now the same proof as the one for Lemma 4.1 in |H7j 
shows that there exists a (possibly multivalued) analytic functions on M 2 
such that it is equal to (possibly multivalued) analytic extensions of ()1.12j) . 
(TTT3J1 . (HHlj) and (fTTTo) in the regions \z x \ > \z 2 \ > 0, \z 2 \ > \zi\ > 0, 
\z 2 \ > \z\ — z 2 \ > and \z\\ > \zi — z 2 \ > 0, respectively. Since ()1.12j) . 
(I1.13|) and fjl . 14|) give analytic functions which are all single valued in z\, 
this function as the analytic extension of these functions must also be single 
valued in Z\. 

If v 2 is in Co(V), then by definition, yf(v 2 ,x)v G V[[x, x -1 ]] and thus 
(|1.12|) . ()1.13j) and f)l. 15j) give analytic functions which are also single valued 
in z 2 . So their analytic extension is also single valued in both z\ and z 2 . \iV 
satisfies the grading- restriction condition, then the singularities Z\,z 2 = 0, oo 
and z\ = z 2 of this analytic extension are all poles and is therefore a rational 
function in z\ and z 2 with the only possible poles z\,z 2 — and z\ — z 2 . ■ 

Theorem 2.3 Let V be a grading-restricted open-string vertex algebra. Then 
the image of C (V)®C (V) underyf\c (v) is i n C (V)[[x, x' 1 ]} and the image 
°f Co(V) under D is inC (V). Moreover, 

(c (v),yf\ Co(vh i,D) 

is a grading-restricted vertex algebra, V is a C (V) -module and y* is an 
intertwining operator of type ( vv ) for the vertex algebra C (V). 

Proof. Let Vi,v 2 be homogeneous elements of Cq{V). We would like to 
show that yf{vi,x)v 2 G C (V A )[[x, x~ 1 ]]. First of all, since V\ G C (V), 
yf(vi,x)v 2 G V[[x, Since Vi,v 2 G C (V), wt u 1; wt v 2 G Z. Thus by 

Proposition 11.41 y*(vi,x)v 2 G (llnez^fa)) H 2 ") 2 " -1 ]]- By Proposition I2.2| the 
analytic extension of (jl,14j) to M 2 is a single-valued analytic function. In 
particular, ()1.14|) gives a single- valued analytic function in z\ and z 2 . Thus 

y f (y f (vi,x)v 2 ,x 2 )v G {V[[x 2 ,x^\\)[[x,x- l \\. 

For v G V, v' G V and Zi, z 2 G E+ satisfying z\ > z 2 > z\ — z 2 > 0, 

(v ', y f {y s {vi, zi - z 2 )v 2 , z 2 )v) = (v', y f (vt, z^y 1 ^, z 2 )v) 

= {v'^{v u z 1 )e z - D yf{v : -z 2 )v 2 ). 

(2.1) 
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The right-hand side of (|2.1|) is well defined when zi, z 2 G C and \zi\ > \z 2 \ > 
and is equal to 

(v l ,e Z2D yf(v 1 ,z 1 -z 2 )y f (v,-z 2 )v 2 ) 

= (v\ e z ^ D y f (y f (v, -z 2 )v 2 , -{ Zl - z 2 ))v x ) 
= (v', e^ D yf{v, - Zl )yf(v 2 , -(*! - z 2 )) Vl ) 
= (v, e^ D y f (v, - Zl ) e ~^~^ D yf( Vl , Zl - z 2 )v 2 ) (2.2) 

when z±, z 2 G R+ and z\ > Z\ — z 2 > z 2 > 0. The right-hand side of ()2.2|) is 
well defined when z\ , z 2 G C and | zi | > | Z\ — 22 1 > and is equal to 

(v', e z * D yf(v, -z 2 )yf( Vl , z x - z 2 )v 2 ) (2.3) 

when zi,z 2 G C and \zi\ > \z 2 \ > \z\ — z 2 \ > 0. From ()2.1j) - (j2.3j) . we see 
that the left-hand side of (j2.1j) and the right-hand side of ()2.3|) are analytic 
extensions of each other. Since both the left-hand side of (J2.1|) and the right- 
hand side of (J2.3)) are well defined single-valued analytic functions on the 
region \z 2 \ > \z\ — z 2 \ > 0, they are equal when \z 2 \ > \z\ — z 2 \ > 0. Thus we 
obtain 

y f {y f {vi,x)v 2 ,x 2 )v = e X2D y f (v,-x 2 )y f ( Vl ,x)v 2 

where x and x 2 are two commuting formal variables. So y*(y\, x)v 2 G 
Colfax- 1 ]]. 

Let u be a homogeneous element of Co(V). Then wt u G Z. Since D has 
weight 1, Du G U n6Z V(n)- By the D-derivative property, we see that 

y f (Du, x) = ^-y f (u, x) G (End V) \[x, aT 1 ]] . 
ax 

For any v G V, using the D-derivative property and the D-bracket formula, 
we obtain 

yf(Du,x)v = —yHu,x)v 
ax 

= ^e xD y f (v,-x)u 
ax 

= e xD Dy f (v, -x)u-e xD y f {Dv,-x)u 
= e xD y f (v,-x)Du. 

So Du G C (V). 
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To show that Cq(V) is a vertex algebra, we need only verify commu- 
tativity, associativity and rationality since all the other axioms are clearly 
satisfied. But associativity, commutativity and rationality have been proved 
in Proposition 12.21 The proof of the fact that V is a Co(V)-module and yf 
is an intertwining operator of type (yy) for Cq(V) is completely the same. ■ 

Proposition 2.4 Let V be a conformal open-string vertex algebra. Then 
ujEC (V). 

Proof. By definition, oj £ LLez V( n ) an d yf(u),x) £ (End V)[[a;, a; -1 ]]. For 
any v £ V, the commutator formula for u and formal vertex operators implies 
the commutativity for yf(u, Z\) and yf(v, z 2 ). In particular, for any v' £ V , 

(v , ,y f (uj,z 1 )y f (v,z 2 )l} (2.4) 

and 

(v',y f (v,z 2 )y f (co, Zl )l) (2.5) 

are absolutely convergent in the regions \zi\ > \z 2 \ > and \z 2 \ > \zx\ > 0, 
respectively, and are analytic extensions of each other. Also by associativity 
we know that 

(v',y f {y^{u J ,z 1 -z 2 )v,z 2 )l) (2.6) 

and 

(v',y f (y f (v,z 2 -z 1 )uj,z 1 )l) (2.7) 

are absolutely convergent in the region \z 2 \ > \z\ — z 2 \ > and \zi\ > 
\z% — z 2 1 > 0, respectively, and are equal to ()2.4j) and ()2.5|) . respectively, 
in the region \zi\ > \z 2 \ > \z\ — z 2 \ > and \z 2 \ > \z\\ > \z\ — z 2 \ > 0, 
respectively. Thus ()2.6|) and ()2.7|) are also analytic extensions of each other. 
Note that by (fTTUD . 

(«', y f (e^-^ L (-Vyf(v, z 2 - Zl )u, z 2 )l) 

= y f (y f (v, z 2 - Zl )u, z 2 )l) (2.8) 

is absolutely convergent in the region \z 2 \ > \z\ — z 2 \ > and is equal to (|2.7j) 
in the region \zi\, \z 2 \ > \z\ — z 2 \ > 0. So ()2.6|) and the left-hand side of (|2.8j) 
are analytic extensions of each other. 

We know that both (|2.6j) and the left-hand side of (|2.8|) are convergent 
absolutely in the region \z 2 \ > \zi — z 2 \ > and, moreover, we know that 
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(|2.4j) . (|2.5j) . (|2.6|) and (|2.7|) give single- valued analytic functions in z\ and z 2 . 
Thus in the region \z 2 \ > \z\ — z 2 \ > 0, (|2.6|) and the left-hand side of (|2.8|) 
are equal, that is, 

( V \ y f (y f (u, z x - z 2 ) v , z 2 )i) = (v\ y f (e^- z ^ L ^y f (v, z 2 - Zl )u, z 2 )i). 

(2.9) 

By taking coefficients of z\ — z 2 and z 2 in both sides of (j2.9J) and then taking 
the generating functions of these coefficients, we obtain 

(i/,y f (y f (u,x)v,y)l) = (v',y f (e xL ^y f (v,-x)uj,y)l), (2.10) 

where x and y are commuting formal variables. Since v' G V is arbitrary, 
(EZEDj) gives 

y f (y f (u, x)v, y )i = y f (e xL ^y f (v, -x)u, y )i. (2.11) 

Taking the formal limit y — > (that is, taking the constant term of of series 
in y) of both sides of (|2.11|) . we obtain 

y f (u, x)v = e xL ^y f (v, -x)u. 

So we conclude that u> G Co(V). ■ 

One immediate consequence of this result is the following: 

Corollary 2.5 Let V be a grading-restricted conformal open-string vertex 
algebra. Then the vertex operator algebra (u) is a subalgebra of Cq{V). 

Recall the following main theorem in [H8J: 

Theorem 2.6 Let V be a vertex operator algebra satisfying the following 
conditions: 

1. Every generalized V -module is a direct sum of irreducible V -modules. 

2. There are only finitely many inequivalent irreducible V -modules and 
these irreducible V -modules are all M,-graded. 

3. Every irreducible V -module satisfies the C\-cofiniteness condition. 
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Then the direct sum of all (inequivalent) irreducible V -modules has a natural 
structure of an intertwining operator algebra. In particular, the following 
associativity for intertwining operators holds: For any V -modules Wo, W\, 
W 2 , W3 and W4, any intertwining operators 3^i and y 2 of types ( H ^/ 4 ) and 

(ww 3 )' res P ectwel v, 

( w (o)> yi( w (i): zx)y 2 (w {2) , z 2 )w {3) ) (2.12) 

is absolutely convergent when \zi\ > \z 2 \ > for wL-, G Wq, G Wi, 
ui{2) G W 2 and G W 3 , and there exist V -module W 5 and intertwining 
operators y 3 and y^ of types (^j^J and (^^J, respectively, such that 

( w '(0)i ^4(^3(^(1), Z! - Z 2 )W( 2 ), Z 2 )W {3) ) 

is absolutely convergent when \z 2 \ > \z\ — z 2 \ > for w'^ G Wq, G Wi, 
W(2) G W 2 and W( 3 ) G W 3 and is equal to when \z\\ > \z 2 \ > \z\ — z 2 \ > 

0. 

Theorems 12.31 and 12.61 suggest a method to construct conformal open- 
string vertex algebra: We start with a vertex operator algebra (V,Y,l,u) 
satisfying the conditions in Theorem 12.61 and look for a module W and an 
intertwining operator 3^ of type (^ w ) such that if we define 

Y° : (W <8> W) x R + -> W 

(wi0w 2 ,r) 1 — > Y°(w 1 ,r)w 2 

by 

Y°(w u r)w 2 = y f (w u r)w 2 (2.13) 

for r G R + , then (W, Y , 1, u) is a conformal open-string vertex algebra. 

We give more details here. Let (V,Y, be a vertex operator algebra 
satisfying the conditions in Theorem 12.61 For simplicity, we assume that V 
is simple. Let A be the set of equivalence classes of irreducible V^-modules 
and, for a G A, let W a be a representative in a. Then by Theorem 12.61 
llaeA W 1 nas a na t ura l structure of an intertwining operator algebra. Let 
W = YiaeA E a ® W a where E a for a G A are vector spaces to be determined. 
We give W the obvious V = C <S> V-module structure. We also let 

y f G Rom(W ® W, W{x}) 

= J { B.om(E ai ® E a \E ai )®B.om(W ai ®W a \W ai {x}) 

ai, 02,036.4 
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be given by 

\f a 3 
J *a 1 a 2 

yf = c as;i ® y^ 

ai,a 2 ,a'i£A i=l 

where for ai,a 2 ,a 3 G .4, A/J^ is the fusion rule of type ( w ^ a2 ), C^* G 
Hom(E ai ®E a2 } E a3 ) for 2 = 1, . . . , A/J 3 are to be determined, and for 

z = 1, . . . ,A/J 3 * s a basis of the space V" 3 a2 of intertwining operators of type 

/ w a s \ 

\W a lW a 2j ' 

Let e be the equivalence class of irreducible V^-modules containing V. 
Note that M^ a for a E A are always one-dimensional. We choose the basis 
y^ 1 for a G ^4 to be the vertex operator for the l^-module W a . In particular, 
y^(l, x)w a = w a for a £ A and w a G W a . We also choose the basis y^ 1 for 
a G ^4 to be the ones given by 

y£(w a ,x)u = e xL ^y£(u,-x)w 

for u G V and u> a G W™. Thus we have lim x ^ y^ l (w a ,x)l = w a for a £ A 
and W7 a G VF . 

We would like to choose E a for a G A and C" 3 ^ for 01,02,03 G ^4 and 
z = 1, . . . ,A/^ 3 a such that the map Y° given by (|2.13jl in terms of yf satisfies 
the associativity 

Y°(w 1 ,r 1 )Y°(w 2 ,r 2 )w 3 = Y°(Y°(w 1 ,r 1 - r 2 )w 2l r 2 )w 3 (2.14) 

for r 1 ,r 2 G M + satisfying r x > r 2 > r\ — r 2 > and W\ G Wi, w 2 G W2, 
W3 G W3. Note that both sides of (|2.14j) are well-defined since U agj4 W a is 
an intertwining operator algebra. The left-hand side of (|2.14j) gives 

ai, a2, «3 
a4, a; i, j 

= E (c°(^®c 3 )) 

ai, a2, «3 
a.4, a; 2, j 

® E a 2' «a; a*)3^i(3^2(«;i, fj - r 2 )w 2 , r 2 )w 3 

where for any a G A, id^a is the identity on E a and jF^'(a 1; a 2 , 03; a 4 ), 
for 0,0!,.. .,o 5 e A, 1 = l,...,A^ a , j = l,...,Ae 2a3 , fc = l,---,A^ a2 
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and I = 1, . . . ,N"^ aa , are the matrix elements of the corresponding fusing 
isomorphisms. (In the formulas above and below, for simplicity, we omit the 
ranges over which the sums are taken, since these are clear and some of them 
have been given above.) The right-hand side of (j2.14j) gives 

E ° (CSS ®id^)) ®y%UyZ&{wi,n-r 2 )w 2 ,r 2 )wz. 

0,1,0,2,0,3 

0,4, ar y ;k,l 

It is clear that in this case y^a 3 (^"jaa ('; r i _r 2K r 2) ■ for a Xl a 2 , a 3 , a 4 , a 5 E A 
are linearly independent. Thus (|2.14|) gives 

E^'^'^.^^C^oCid^®^)) =Q2,o(C*2®id^) (2-15) 

for oi, a 2 , a 3) a 4 , a 5 G A, k = 1, . . . , A^ s a2 and / = 1, . . . , A/" a a 5 4 a3 . 

We need a vacuum for IV. Let l e G -E 6 . If we want the vacuum to be 
of the form ly/ = l e ® 1, then we must have the following identity property 
and creation property: 

Y°(l w ,r)(a a ®w a ) = a a ®w a , (2.16) 
limY°((a a ®w a ),r)l w = a a ® w a (2.17) 

for a G A, a a G E a and w a eW a . The equations (pHT^ and (jZHj) together 
with the properties of intertwining operators for V gives 

C e f(l e ®a°) = a a , (2.18) 
C a £{a a ®l e ) = a a (2.19) 

for a £ A and ct a G E a . 

Let ljy = l e <S>l and uw = l e ®u. Then we have just proved the following: 

Proposition 2.7 Let V be a simple vertex operator algebra satisfying the 
conditions in Theorem \2. 61 and let A, e and W a for a £ A be as above. If 
we choose the vector spaces E a for a £ A, C%?'£ G Hom(E ai ® E a2 ,E a3 ) 
for a h a 2 ,a s G A, i = 1, . . . , M^ a2 , and l e G E e such that WJf\) . 
and \2.19i) hold, then the quadruple (W,Y° ,l w ,u>w) is a grading-restricted 
conformal open-string vertex algebra. 
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3 Examples 



In this section, we give some examples of open-string vertex algebras. Ex- 
amples can also be constructed using the main results in Sections 4 and 5. 

First of all, we have the following examples for which the axioms are 
trivial to verify: 

1. Associative algebras. 

2. Vertex (super) algebras. 

3. Tensor products of algebras above, for example, A <g> V where A is an 
associative algebra and V a vertex (super) algebra. 

The examples above are trivial to construct because they satisfy some 
much stronger axioms than those in the definition of open-string vertex alge- 
bra. Nontrivial examples of open-string vertex algebras can be constructed 
from the direct sum of a vertex algebra and an K-graded module for the ver- 
tex algebra in the same ways as in the construction of the example of vertex 
operator algebras in Example 3.4 in [H3J and as in the conceptual construc- 
tion of the vertex operator algebra structure on the moonshine module in 
|H5j . except that here the module does not have to be Z-graded. Note that 
in the construction of the vertex operator algebra structure on the moonshine 
module in |H5j . the hard part is to prove the duality properties, which follow 
from the duality properties of a larger intertwining operator algebra. If we 
start with a vertex operator algebra satisfying the conditions in Theorem 12. 61 
then the construction becomes very easy because the duality properties have 
been established by Theorem 12.61 

We now give an example constructed using a different method. It is an 
example constructed from modules for the minimal Virasoro vertex operator 
algebra of central charge c = |. This example is nontrivial because it is not 
an associative algebra, a vertex (super) algebra or a tensor product of these 
algebras. Here we describe the data. For the details, we refer the reader 
to the second author's thesis [Kj . For the minimal Virasoro vertex operator 
algebras, their representations, intertwining operators and chiral correlation 
functions, see, for example, [DEj, [BPZ], jH], EH, jFRWj and |T)MS] . 

Let L(|,0) be the minimal Virasoro vertex operator algebra of central 
charge |. It has three inequivalent irreducible modules Wq = L(|,0), W\ = 
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L(|, |) and W2 = L(~, ^). It is well known that the fusion rules Af£ = N^w- 
for i,j, k — 0, 1, 2 are equal to 1 for 

= (0,0,0), (0,1,1), (1,0,1), (1,1,0), (0,2, 2), 
(2, 0,2), (2, 2,0), (1,2, 2), (2, 1,2), (2, 2,1) 

and are equal to otherwise. It was proved in |H4j that the direct sum of Wo, 
Wi and W3 has a structure of intertwining operator algebra. When Affj = 1, 
we choose a basis y^ of V£. Given z, j, fc, I G {0, 1, 2}, m G {0, 1, 2} is said to 
be coupled with n G {0, 1, 2} through k; I) if V\ m , V™ k , V™- and V l nk are all 
nonzero. We use the notation m txK • k n to denote the fact that m is coupled 
with n through {i, j, k; I). 

For i, j, k, I G {0, 1, 2}, the matrix elements J- m - n (i, j, k; I) for m, n = 0, 1, 2 
of the fusing isomorphisms 

2 2 
^(z, j, fc; /) ]J V\ m ®V%^\\ Vg <8> V< fc 

m=0 n=0 

are determined by the following associativity relations (see |H7j ) 

= ^n(iJ,k]l)(wl,yl A {y^{w i ,z 1 -Z2)w j ,z 2 )w k ) 

mXl'. . , n 

for z, j, m — 0, 1, 2, zi, z 2 £ R satisfying > z 2 > Z\ — z 2 > and Wi G Wj, 
G Wj, Wfc G Wfc, where the sum is over all k,l,n = 0,1,2 such that 
m M\ j k n. For simplicity, we use T{i, j,k;l) for i,j,k,l = 0,1,2 to denote 
matrices whose entries T mn {i,i,k;V) for m, n = 0,1,2 is the symbol DC 
(meaning decoupled) if m is not coupled with n through (i,j,k;l) and is 
J 7 m;n(h j, k; I) if m is coupled with n through {i, j, k; I). We call these matrices 
the fusing- coupling matrices. For m, n = 0, 1, 2, we use ±E mn to denote the 
3x3 matrices with the entry in the m-th row and the n-th column being ±1 
and the other entries being DC. 

Proposition 3.1 For i,j, k = 0, 1, 2 such that A/2- = I, there exist basis 
ofVij such that 

^(0,0,0,0) =^(1,1,1,1) = £ 00 , 
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^(1, i,o,o) 

V 7 > > / 


= ^(0,0,1,1) 

V 7 > > / 


= -E'oi, 






^(1,0,0,1) 

V 7 > i / 


= JF(0, 1,1,0) 


= Eiq, 






Hi, 0,1,0) 


= JF(0, 1,0,1) 


= En, 




^(2,2,0,0) 


= ^(0,0,2,2) 


= ^(1,1,2,2) 


= ^(2,2,1,1) 


— -£02 


^(0,2,2,0) 


= ^(2,0,0,2) 


= ^(1,2,2,1) 


= ^(2,1,1,2) 


= £-20 


^(0,1,2,2) 


= ^(1,0,2,2) 


= ^(2,2,0,1) 


= ^(2,2,1,0) 


= £12 


^(0,2,2,1) 


= ^(1,2,2,0) 


= ^(2,0,1,2) 


= JF(2,1,0,2) 


= £21 




^(1,2,1,2) 


= ^(2,1,2,1) 


= —£'22, 




^(0,2,0,2) 


= ^(2,0,2,0) 


= JF(0,2,1,2) 


= JF(1,2,0,2) 








= ^(2,0,2,1) 


= ^(2,1,2,0) 


= £22 






/ J_ J_ 

. f A. 


DC \ 






^(2,2,2,2) = 


V2 V2 


£C ; 





V DC DC DC J 



all other jusing- coupling matrices have entries which are either or DC. 

The proposition above gives the complete information about the fusing 
isomorphisms for the minimal model of central charge \. Now consider the 
irreducible modules Wi®Wi for % = 0,1,2 for the tensor product vertex 
operator algebra L{\, 0) <g> 0). Let W = ]jj =0 W t <S> W t and let 

y f : (W <g> W) -> W{:r} 

be given by 

2 

i j',/c=0 

where we have taken 3^j- = for i, j, k G {0, 1, 2} such that V^- = and where 
yfj <S> y% for i, j, k G {0, 1, 2} act on W ® W in the obvious way. Let 

Y° : (W ®W) xR + -> W 

(iui <g) w 2 , r) I— > 7°(«Ji, r)t« 2 

be given by 

F°(wi,r)w 2 = y f (wi,r)w 2 

for r G K + and Wi,w 2 G W. Let 1 and u be the vacuum and conformal 
element of L(|,0). Then we have: 
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Proposition 3.2 The quadruple (W, Y°, l®l,a;(8)l + l®a;) is a grading- 
restricted conformal open-string vertex algebra with Cq(W) = Wq <8> Wq. 

The proof is a straightforward verification. See [K] for details. 

Remark 3.3 In the construction above, yf and Y° involve fractional pow- 
ers. So W is not a vertex operator algebra. 

4 Braided tensor categories and open-string 
vertex algebras 

In this section, we show that an associative algebra in the braided tensor 
category of modules for a suitable vertex operator algebra V is equivalent to 
an open-string vertex algebra with V in its meromorphic center. The main 
result of this section ( Theorem 14. 3j) is a straightforward generalization of the 
main result in |HKL| . In this section, we assume that the reader is familiar 
with the tensor product theory developed by Lepowsky and the first author. 
See |HL3]-jHL6] and |H3j for details. 

First of all, we have the following result established in [H9J: 

Theorem 4.1 Let V be a vertex operator algebra satisfying the conditions 
in Theorem \2. 61 Then the category of V -modules has a natural structure of 
vertex tensor category with V as its unit object. In particular, this category 
has a natural structure of braided tensor category. 

Given a braided tensor category C, we use lc to denote its unit object. 
We need the following concept: 

Definition 4.2 Let C be a braided tensor category. An associative algebra 
in C (or associative C-algebrd) is an object A e C along with a morphism 
/i : A ® A — > A and an injective morphism la '■ lc ~ > A such that the 
following conditions hold: 

1. Associativity: /xo(/x<g)idA) = /Uo(idA®/x)o^4. where A is the associativity 
isomorphism from A <g) (A <g) A) to (A <g> A) <g> A. 

2. Unit properties: [i o (i A <g> id^) oI^ = p (i A <g> id^) ° r^ 1 = id^ where 
l A : 1q <8> A — > A and : A g) 1^ — > A are the left and right unit 
isomorphism, respectively. 
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We say that the unit of an associative algebra A in C is unique if 

dim Home (lc, A) = 1. 

We use (A, /i, la) or simply A to denote the associative algebra in C just 
defined. 

Let V be a vertex operator algebra satisfying the conditions in Theorem 
12.61 Then we know that the direct sum of all irreducible ^-modules is an 
intertwining operator algebra. We say that this intertwining operator algebra 
satisfies the positive weight condition if for any irreducible ^/-module W, the 
weights of nonzero elements of W are nonnegative, W(p) 7^ if and only if 
W is isomorphic to V, and V(o) = CI. We say that an open-string vertex 
algebra V satisfy the positive weight condition if the weights of elements of 
V are nonnegative and V( ) = CI. 

Theorem 4.3 Let (V, Y,l,u) be a vertex operator algebra satisfying the con- 
ditions in Theorem \2. 61 and letC be the braided tensor category of V -modules. 
Then the categories of the following objects are isomorphic: 

1. A grading-restricted conformal open-string vertex algebra V e and an in- 
fective homomorphism of vertex operator algebras from V to the mero- 
morphic center C (V e ) ofV e . 

2. An associative algebra V e in C. 

If the intertwining operator algebra on the direct sum of all irreducible V- 
modules satisfies the positive weight condition, then an algebra V e in Category 
1 above satisfy the positive weight condition if and only if the unit of the 
corresponding associative algebra V e in C is unique. 

Proof. Let V e be a grading-restricted conformal open-string vertex algebra, 
l e the vacuum of V e and iy e an injective homomorphism of vertex operator 
algebras from V to Co(V e ). Then we have ty e (l) — le- Then by Theorem 12. 31 
V e is an Lv e {V) -module and thus a V^-module. So V e is an object in C. Since 
V e is an open-string vertex algebra, we have a vertex operator map Y° for V e . 
By Theorem 12.31 again, the corresponding formal vertex operator map yf is 
in fact an intertwining operator for V of type ( y y ) . Let /i : V e M V e — > V e be 
the module map corresponding to the intertwining operator y[. We claim 
that (V e , fi, iy e ) is an associative algebra in C. The proof is similar to the 
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proof of the result in |HKLj that suitable commutative associative algebras 
in C are equivalent to vertex operator algebras extending V. For reader's 
convenience, we give a proof here. 

For r G R + , let \i r be the morphism from V e ^p( r ) Ve to V e corresponding 
to the intertwining operator Y/ and let ~fi r : V e Mpr r ) V e — > V e be the natural 
extension of fMpM. Then by definition, \i = \i x and 

JI r (u M P ( r ) v) = y{(u,r)v = Y°(u,r)v. 

for u, v G V e . For simplicity, we shall use id to denote idy e in this proof. Thus 
for u,v,w G V e and r±, r 2 G M+ satisfying t\ > r 2 > r\ — r 2 > 0, 



(ji ri o (id K P(ri ) Hr 2 )){u K P(ri ) (f K P(r . 2 ) w)) 

= F e °(u,r 1 )r e °(t;,r 2 ) W (4.1) 

(fl T2 O (/i ri _ r2 K P(r2) id))((M ^P(n-r 2 ) «) ^P(r 2 ) 

= y e °F e °(«, n - r 2 >, r 2 )w, (4.2) 

where (and below) we use the notation that a linear map preserving gradings 
with a horizontal line over it always mean the natural extension of the map 
to a map between the algebraic completions of the original graded spaces. 
The associativity for Y" e ° gives 

Y e °{u, r x )Y?{v, r 2 )w = Y e °{Y e °{u, n - r 2 )v, r 2 )w. (4.3) 

The associativity isomorphism 

is characterized by 

Xl\)!pt7*\ u ^(n) (v K P(r2) w)) = (u K P(ri _ r2) v) K P(r2) w (4.4) 

for u,v,w G V e , where Ap^^p^ 1 " 2 is the natural extension of Ap^ZKphK^ ■ 
Combining (|4.1|) - (|4.4j) . we obtain 

(/V o (id K P(ri) /i r2 )) = (// r2 o (/i ri - r2 K P(r2) id)) o App^;^ . (4.5) 
From ()4.5p . we obtain 

(fi ri o (id s P(ri) nr 2 ))° (id B P(ri ) x; 2 ) o T 7l 

= (/i r2 o (/, ri _ r2 K P(r2) id)) o o (id Kp (ri) r 72 ) o r 71 . 

(4.6) 
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where 77, r 2 are real numbers satisfying 77 > r 2 > 77 — r 2 > 0, 71 and 72 are 
paths in M + from 1 to 77 and r 2 , respectively, and T lx and 7^ 2 the parallel 
transport isomorphisms associated to 71 and 72, respectively. (For reader's 
convenience, we recall the definition of parallel transport isomorphism here. 
Let 7 be a path from Z\ G C x to z 2 G C x . The parallel isomorphism 7^ : 
Wi Klp(zi) W 2 — > W\ Klp( Z2 ) W2 is given as follows: Let y be the intertwining 
operator corresponding to the intertwining map ^p( Z2 ) an d Z(-Zi) the value of 
the logarithm of z\ determined uniquely by logZ2 (satisfying < ^(log^) < 
2tc) and the path 7. Then 7^ is characterized by 

T 1 (w 1 M P(zi ) w 2 ) = y(w!, x)w 2 

x n =e nl( - z l\ n£C 

for W\ G W\ and w 2 G W 2 , where 7" 7 is the natural extension of 7^ to the 
algebraic completion W\ ^p( Zl ) W 2 of W\¥\ P { Zl \W<2- The parallel isomorphism 
depends only on the homotopy class of 7.) 
By definition, we have 

(fi n o (id B P(ri) n r2 )) o (id Klp (ri ) T^J o 7^ = // o (id K /i). (4.7) 

Similarly, we have 

(/i r2 o (/i ri _ r2 K P(r2) id)) o (T 73 o (T 74 m P(r2) id))- 1 = (/i O (jl ® id)), (4.8) 

where 73 and 74 are paths in M + from r 2 and 77 — r 2 to 1, respectively, 
and and 7^, 4 the parallel transport isomorphisms associated to 73 and 74, 
respectively. Combining f)4.6j) — ()4.8|) with the definition 

A = r 73 o (r 74 m p(Z2) id) o ^Jj-*^ o (id m p(zi) r 72 ) o r 71 . (4.9) 

of the associativity isomorphism for the tensor product structure, we obtain 
the associativity 

H o (id H n) = (p o (n H id)) o A 

For the unit property, we note that the inverse l v : V e — ■> V Kl VJ= of the 
left unit isomorphism is defined by (w) = 1 Kl m for m G K and thus 

({lo(L Ve Mid Ve )ol-l)(u) = fi((ty e HidvJ(lEI«)) 

= /i(l e lw) 

= n(ie,i)« 

= i<V e («) 
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for u G V e . The other unit property is proved similarly. 

Conversely, let (V e , //, tyj be an associative C-algebra. In particular, V e is 
a V-module. The module map fi : V e ^V e — » V e corresponds to an intertwining 
operator y[ of type ( v v v ) such that 

■p(u M v) = y*(u, l)v (4.10) 
for u, v G V e . Let l e = ty e (l) and u; e = ty e (o;). We define 

F e °:(V e ^ e )xl + -> F e 

(w ® t>, r) i — > F e (M,r)t> 

by 

y e °(M,r)w = yl{u,r)v 

for r G E + , m, f G V e . Then we claim that (V e ,Y^ ,l e ,u e ) is an grading- 
restricted conformal open-string vertex algebra satisfying the positive weight 
condition above and with V in its meromorphic center. Again, the proof is 
similar to the proof of the result in [HKLJ mentioned above. For reader's 
convenience, we give a proof here. 

The identity property for the vacuum follows immediately from the left 
unit property \i o (ty e IE idyj o ly = idy. The creation property follows from 
the right unit property /i o [t Ve ® idy) o r^ 1 = idy e . The Virasoro relations 
and the L(0)-grading property follows from the fact that V e is a V-module. 
The L(— l)-derivative property and the commutator formula for the Virasoro 
operators and y{ follow from the fact that y[ is an intertwining operator. 

We now prove associativity. As above, for any r G R+, let 

fi r : V e Klp(r) V e -> V e 

be the module map corresponding to the intertwining operator y[. By defi- 
nition, we have 

fi r (u Hp( r ) u) = y[{u, r)v = (/io Ep( r ) u) (4.11) 

for u,v £ V e and r G M + , where 7 is a path from r to 1 in R + . By definition, 
for 7"i, r 2 G R + satisfying 77 > r 2 > 77 — r 2 > 0, paths 71 and 72 in R + from 
1 to 77, r 2 , respectively, and paths 73 and 74 in IR + from r 2 and ri — r 2 to 1, 
respectively, P?7)) - (|Oj) hold. 
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Compose both sides of the associativity 



fi o (id IE n) = (jj, o (// B id)) o A 



for the C-algebra V e with 



((id 

^P(zi) ^72) ° ^7l) 



where 77, r 2 G M+ satisfying ri > r 2 > ri — r 2 > and 71 and 72, as above, 
are paths from 1 to 77 and r 2 , respectively, in R + . Then we obtain 



H o (id B/i) o ((id K P(ri) T 72 ) o r 71 )- x 

= (/i o (/i B id)) o .A o ((id B P(ri) T 72 ) o T^Y 1 . (4.12) 

Using (P~7)l - (jO|) and (PTHZJ) . we obtain 

/i ri o (id Bp (ri) /i r2 ) 

= fi o (id B /i) o ((id Bp (ri ) 7^ 2 ) o T 7l ) _1 

= o (// b id)) o a o ((id B P(n) r 72 ) o r 71 )- x 

= (Pra (/V-r 2 Ep(r 2 ) id )) ° ( T n ° (^74 K P(r 2 ) id))" 1 



For the next step, we use the convergence of products and iterates of 
intertwining operators for V. Because of the convergence, idBp^/Z^ is well 
defined and it is clear that JI^o (idBp( ri )/Z^") is equal to fi ri o (id B P ( ri ) /4- 2 )- 
Similarly, /x ri _ r2 Bp( r2 ) id is well-defined and pv7 o (/i ri __ r2 Bp( r2 ) id) is equal 
to /i n o (/i ri _ r2 Bp( r2 ) id). Taking the natural completions of both sides of 
(j4.13j) . we obtain 

7^7° (id 

^P(ri) PV2) PVi 

o (/x ri _ r2 Bp( r2 ) id) o A.p( ri ) p (r ' 2 ) . (4.14) 

Applying both sides of (|4.14|) to u Bp( n ) Klp(r 2 ) w ) f° r u,v,w G pairing 
the result with v' G V e and using (|4.11|) and 



(/j r2 o (//. 



o^o((id Kp (ri) r 72 )oT 71 )- 

•i-ra Bp (r2 ) id)) o Ap^ r \ p,£) 




(4.13) 




Ap( n ),P(r 2 ) ( M (U K P(r 2 ) W )) = ( U ^P(n-r 2 ) ^P(r 2 ) W, 



we obtain the associativity 



(v\Y e °(u, ri )Y e (v,r 2 )w) = (v',Y e °(Y< 



(u,rx - r 2 )v,r 2 )w) 
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for u,v,w G V e , v' G V' e and r 1; r 2 G M + satisfying r x > r 2 > r x — r 2 > 0. 

We now prove that tv e (V) is i n the meromorphic center of V e . Clearly 
Lv e (V) is a vertex operator algebra isomorphic to V, iy B is an isomorphism of 
vertex operator algebras from V to Lv e {V) an d thus V e is an ty e (V) -module. 
We know that the restriction y£\v e ®t v (v) °f 3^f to V e <8> ty e (V) is in fact the 
intertwining operator of type (y t ^W)) for the vertex operator algebra tv e (V) 
corresponding to the module map ju|v e a. v (v) : K ^ i v e (V r ) — > V e which is the 
restriction of // to V e H tv e (V). By the creation property for Y e , we have 

lim y[(u, r)l e = lim r)l e = w 

r— >0 r— >0 

for m G V e . Since the space of intertwining operators of type {y b ^r v ^} is 
isomorphic to the space of intertwining operators of type Yy, v ) , which 
in turn is isomorphic to the space of module maps from V e to itself, any 
intertwining operator y of this type satisfying the creation property 

lim y(u, r)l e = u 

r—*0 

must be equal to y[\v a ®t, v (V)- In fact, the intertwining operator y of such 
type defined by 

y{u,x)v = e xL ^Y Ve {v,-x)u 

for u G V e , v G £y e (V"), where Yy e is the vertex operator map for the ty e (V)- 
module V e , is such an intertwining operator. Thus we have 

yl\v eM v)(u,x)v = e xL ^Y Ve {v,-x)u (4.15) 

for u G V e ,v G ^(V). But both Y Ve and 3^/|(, v (y)®y e are intertwining op- 
erators of type ( tv . ) satisfying the identity property and the space of 
intertwining operators of such type, as we mentioned above, is isomorphic to 
the space of module maps from V e to itself. So Y Ve and y[\ Lv (v)®v e must be 
equal. Thus KTty says that iv e {Y) is in the meromorphic center of V e . So 
iy e is an inject ive homomorphism from V to the meromorphic center of V e . 

The constructions above give two functors and it is easy to see that they 
are inverse to each other. Thus the two categories are isomorphic. 

Finally we prove the last statement. We assume that the intertwining 
operator algebra on the direct sum of all irreducible V-modules satisfies the 
positive weight condition. In particular, as an open-string vertex algebra, V 
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itself satisfies the positive weight condition. Let V e be a grading-restricted 
conformal open-string vertex algebra and iy e an injective homomorphism of 
vertex operator algebras from V to Co(V e ). Since the weights of the nonzero 
elements of all the irreducible ^-modules are nonnegative, the weights of the 
nonzero elements of the ^-module V e are also nonnegative. Assume that 
V e satisfies the positive weight condition. Let / G Komc(V,V e ). Since / 
preserves the grading and since V and V e both satisfy the positive weight 
condition, it is clear that / maps 1 to a scalar multiple of l e . Since V 
as a module is generated by 1, / is determined completely by the scalar 
above. On the other hand, given any scalar, we can also construct an el- 
ement of Honic(V, Ve) such that it maps 1 to the scalar times l e . Thus 
dim Home (V, V e ) = 1. Conversely, assume that dim Home (V, V e ) = 1. We 
already know that the weights of nonzero elements of the ^-module V e are 
also nonnegative. Assume that there is an element of (V e )(p) which is not 
proportional to l e . Then this element generates a \^-submodule of the V- 
module V e . Since all V- modules are completely reducible, we can find an 
irreducible \^-submodule of this l/-submodule such that it is generated by 
an element of (K)(o) which is not proportional to l e . Since any irreducible 
V-module having a nonzero element of weight must be isomorphic to V, 
this K-submodule is isomorphic to V. But this V-submodule is not equal 
to L e (V) C C Q (V e ) since its generator of weight is not proportional to l e . 
Thus we see that dimHom c (V, V e ) > 1. Contradiction. So V e satisfies the 
positive weight condition. I 

Remark 4.4 Recall that a commutative associative algebra in a braided ten- 
sor category C or a commutative associative C-algebra is an associative C- 
algebra satisfying fi o TZ = fi (commutativity) , where TZ is the commutativity 
isomorphism from A (g) A to itself. Let V be a vertex operator algebra as in 
Theorem 14 . 31 and C the category of ^-modules. Then an associative C-algebra 
V e is in general not commutative In fact, for the category C of modules for 
V, the commutativity isomorphism TZ is characterized by 

TZ(u St)) = e L{ ~ 1)7 T 1+ {v H P (_i) u) (4.16) 

where it, v G V e , 7+ is a path from —1 to 1 in the closed upper half plane 
without passing through 0, T 1+ is the corresponding parallel transport iso- 
morphism and T 7+ is the natural extension of T 1+ to the algebraic comple- 
tion V e M V e of V e Kl V e . The natural extensions of the left- and right-hand 
sides of commutativity applied to u M v for u, v G V e gives Jl{lZ{u IE v)) and 
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~p(u Kl v), respectively. By the characterization (J4.16|) of TZ and the relation 
between \i and y£, the left- and right-hand sides of commutativity are further 
equal to e L ^~^yl(v, —l)u and Y/(u, i)v, respectively Note that in general 
yl(v, —l)u 7^ Y°(v, —l)u. So e L{ *~ l ^yl(v, —l)u and Y/(u, l)v are not equal 
in general. Thus commutativity is not true in general. 

5 A geometric and operadic formulation 

In this section, we give a geometric and operadic formulation of the notion 
of grading-restricted conformal open-string vertex algebra. For the notion of 
open-string vertex algebra and other variations, we have similar geometric 
and operadic formulations. In the present section, we discuss only grading- 
restricted conformal open-string vertex algebras. We assume that the reader 
is familiar with the geometric and operadic formulation of the notion of vertex 
operator algebra given by the first author. See |Hlj . |H2j . |H6j . |HLlj and 
jHL2j for details. 

We first introduce a geometric partial operad. Note that H is analytically 
diffeomorphic to the closed unit disk. We use A^ and A^ to denote the 
relatively open upper-half disk in HI and the closed upper-half disk in H, 
respectively, centered at a G K with radius r G R + , that is, A^ = B r a D EI 
and A^ = B r a n H where B r a and B r a are the open and closed disks centered 
at a G M. with radius r G IR + . 

A disk with strips of type (m, n) (m, n G N) is a disk S (a genus-zero 
compact connected one-dimensional complex manifold with one connected 
component of boundary) with m + n distinct, ordered points Pi, ■ ■ ■ ,p m + n 
(called boundary punctures) on the boundary of 5" with pi,...,p m negatively 
oriented and the other punctures positively oriented, and with local analytic 
coordinates 

{Ui, ipi), • • • , (U m+n 

vanishing at the boundary punctures p%, . . . ,p m+n , respectively, where for 
each % = 1, . . . , m + n, Ui is a local coordinate neighborhood at Pi and ifi : 
Ui — > H, mapping the boundary part of Ui analytically to M and satisfying 
¥i{Pi) = 0, is a local analytic coordinate map vanishing at pi. In the present 
paper, we consider only disks with strips of types (1, n) for n G N. For 
such a disk with strips, we use the subscript and the subscripts 1, . . . , n to 
indicate that the corresponding boundary punctures are negatively oriented 
and positively oriented, respectively. 
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Let Si and S 2 be disks with strips of type (l,m) and of type (l,n), 
respectively. Let p , . . . ,p m be the boundary punctures of Si, q , . . . , q n the 
boundary punctures of 5*2, (Ui, (fi) the local coordinate at pi for some fixed 
i satisfying < i < m, and (Vo,^o) the local coordinate at q . Note that 
in our convention discussed above, po and go are the negatively oriented 
boundary punctures on Si and 5*2, respectively. Assume that there exists 
r G M+ such that (pi(Ui) contains Aq and ipa(Vo) contains Aq T . Assume also 
that Pi and q are the only boundary punctures in (/^(Aq) and tpQ 1 (Al/ r ), 
respectively. In this case we say that the i-th boundary puncture of the first 
disk with strips can be sewn with the 0-th boundary puncture of the second 
disk with strips. From these two disks with strips we obtain a disk with 
strips of type (1, m + n — 1) by cutting <^^ 1 (Aq) and ^'"(Aq ) from Si and 
5*2, respectively, and then identifying the new parts of the boundaries (the 
parts not on the boundaries of the original surfaces) of the resulting surfaces 
using the map tp^ 1 o (— J) o ip Q where J is the map from C x to itself given by 
J(w) = 1/w. The boundary punctures (with ordering) of this disk with strips 
are p , . . . ,Pi-i, q%, . . . , q n , Pi+i, ■ ■ ■ ,p m - The local coordinates vanishing at 
these punctures are given in the obvious way. This sewing procedure gives a 
partial operation which we call the sewing operation. Note that we have to 
use — J instead of J (as in |H6p in the definition of the sewing operation. 

We define the notion of conformal equivalence between two disks with 
strips in the obvious way. The space of equivalence classes of disks with 
strips is called the moduli space of disks with strips. Similar to the moduli 
spaces of spheres with tubes in TIT j] . the moduli space of disks with strips of 
type (l,n) (n > 1) can be identified with T(n) = A n_1 x LT x ng + where II 
is the set of all sequences A = {Aj}j £ z + of real numbers such that 



is a convergent power series in some neighborhood of 0, IIr + = IR + x LT, and 
A 71 ^ 1 is the set of elements of ¥L n ~ l with nonzero and distinct components. 
We think of each element of T(n), n > 1, as the disk M equipped with or- 
dered punctures 00, ri, . . . , r n _i, 0, with an element of LT specifying the local 
coordinate at 00 and with n elements of rLx + specifying the local coordinates 
at the other punctures. Analogously, the moduli space of disks with strips of 
type (1, 0) can be identified with T(0) = {A e LT | A\ — 0}. Then the moduli 
space of disks with strips can be identified with U n >oT(n). From now on we 
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will refer to U ng NT(n) as the moduli space of disks with strips. The sewing 
operation for disks with strips induces a partial operation on U ng NT(n). It 
is still called the sewing operation. 

Let It G be the equivalence class containing the standard disk 

ET with the negatively oriented puncture oo, the only positively oriented 
puncture , and with standard local coordinates vanishing at oo and 0. 
Here for a G 1 C H, the standard local coordinate vanishing at a is given by 
w i — w — a. and for oo G H, the standard local coordinate vanishing at oo 
is given by w i— > — — . Note the minus sign in the definition of the standard 
local coordinate at oo. For n G N, the symmetric group S n acts on T(n) in 
an obvious way. Then by construction, the following result is clear: 

Proposition 5.1 The sequences T = {T(n) | n G N} of moduli spaces, 
together with the sewing operation, the identity 1^ and the actions of the 
symmetric groups, has a structure of an associative smooth R + -rescalable 
partial operad. 

We shall call the M + -rescalable partial operad T the boundary disk partial 
operad. Note that the boundary disk partial operad is very different from 
the so-called little disk operad which are constructed using the embeddings 
of disks in the unit disk. In fact, T can be viewed as a partial suboperad of 
the sphere partial operad K discussed in [H6 . Geometrically, any disk with 
strips of type (l,n) is conformally equivalent to a disk with strips of type 
(l,n) whose underlying disk is EI and whose negatively oriented puncture is 
oo. But any such disk with strips of type (1, n) corresponds to a sphere with 
tubes of type (l,n) whose underlying sphere is C, whose punctures are the 
same as those on the disk with strips, whose local coordinates vanishing at 
positively oriented punctures are the analytic extensions of those on the disk 
with strips and whose local coordinate vanishing at the negatively oriented 
puncture is the analytic extension of the negation of that on the disk with 
strips. Thus we obtain a map from T(n) to K(n) and this map is clearly 
injective. In fact the images of T(n) in K(n) for n > 2 are 

{(n, . . . , rw; A®, (a« • • • , (a£ n) , A™)) G K(n) \ 

n , . . . , r n _! G R, . . . , 4 n) G R+, . . . , AW G IT}. 

The images of T(0) in K(0) and of T(l) in K(l) are 

{A<® G K(0) | A® G IT, 4 0) = 0} 
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and 

{{A<-°\ (afU^)) e #(i) I 4 1} e R+,^ (0 U (1) e n}, 

respectively. In addition, by the definitions of the maps from T(n) to -fT(ra) 
for n G N and the sewing operations in T and K, it is clear that the maps 
from T(n) to for n G N respect the sewing operations, the identities 

and the actions of S n and thus give an injective morphism of partial operads. 
From now on, we shall identify the partial operad T with its image in K 
under this injective morphism. 

For any c G C, the restriction of the partial operad K c of the |-th power 
of the determinant line bundles over K to T gives a partial suboperad Y c of 
K c . This partial operad is called the C-extension of T of central charge c. 

We now consider certain (pseudo-) algebras over the partial operad T c 
for c G C. In the terminology of |HLlj . |HL2j and |H6j . we consider Y c - 
associative (pseudo-) algebras satisfying an additional differentiability condi- 
tion. Since the rescaling group of T c is M+, we need to consider modules for 
R + . Since an equivalence class of irreducible modules for R + is determined 
by a real number s such that a G M + acts on modules in this class as the 
scalar multiplication by a~ s , any completely reducible module for M + is of 
the form V = ]j sgR Vi s \ where Vt 8 ) is the sum of the M + -submodules in the 
class determined by the real number s. We shall consider only those alge- 
bras over T c whose underlying vector space is of the form V = LL eR V( s ) 
such that dimV( s ) < oo. Recall from |HLlj . 1 1 12] and |H6j that given any 
M + -submodule W of V, the endomorphism partial pseudo-operad associated 
to the pair (V, W) is the sequence Hy^ = {if j^(n)} ngN . where Hy'\ v {n) is 
the set of all multilinear maps from V® n to V such that W® n is mapped to 
W, equipped with natural operadic structures. 

Definition 5.2 A differentiable (or C 1 ) T c -associative pseudo-algebra is a 
completely reducible IR + -module V = LL 6R V( s ) satisfying the condition 
dim Vm < oo for s G M equipped with an IR + -submodule W and a morphism 
$ of M + -rescalable pseudo-partial operad from T c to the endomorphism par- 
tial pseudo-operad Hy 1 ^ (that is, an T c -associative pseudo- algebra) satisfy- 
ing the following conditions: 

1. For s sufficiently negative, Vr s ) — 0- 

2. For any n G N, $„ : T c (n) — > H v '\ v {n) is linear on the fibers of T c (n). 
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3. For any s%, . . . ,s n G R, there exists a finite subset R(si, . . . , s n ) C E 
such that the image of LL 6si+z V(a)®- ■ -®lJ s e s „+z under $n(/0n(<2)) 
for any Q G f c (n) is in LU fl(aij .„ >8n)+z V (s) . 

4. For any u' G V, . . . ,f„ G V, (v', $ n {i>n{Q)){vi ® ■ ■ • ® as a 
function of 

Q = (n, . . . , r n _ i; A®, A«), ■ • • , (4 n) , A^)) G f c (n) 
is of the form 

m 

fi(n, • • • , r^Oft^, (a« A«), ■ ■ • , A<»>)) 

i=i 

where /i(ri, . . . , r n _i) for i = 1, . . . , m are continuous differentiable 
functions of r x , . . . , r n _ x and &(A^, (a^, A«), ■ • • , (a[, n) , A (n) )) for i = 
1, ... ,m are polynomials in A (0) , (af^ 1 ,^ 1 ', • • • , (af )^, AH 

Morphisms (respectively, isomorphisms) of differentiable T c - associative 
pseudo-algebras are morphisms (respectively, isomorphisms) of the underly- 
ing T°-associative pseudo-algebras. 

We denote the differentiable T c - associative pseudo-algebra just defined 
by (V, W, $) or simply V. It is easy to see that a differentiable T c - associative 
pseudo-algebra is actually analytic in the sense that for any v' G V, t>i, . . . , v n 
G V, (v 1 , u(Q)(vi, . . . , v n )) is analytic in Q because of the sewing axiom (that 
is, the sewing operation in T corresponds to the contraction in Hy^y under 
$). Using this fact and the fact that the expansion of analytic functions 
are always absolutely convergent in the domain of convergence, it is easy to 
obtain: 

Proposition 5.3 Any differentiable T c '-associative pseudo-algebra (V, W, $) 
is an T c -associative algebra, that is, the image of T c under $ is a partial 
operad (the image o/T c under $ satisfies the composition-associativity). 

We omit the proof of this result since it is the same as the proof of the 
corresponding result in |H6j . Because of this result, we shall call a differ- 
entiable T c -associative pseudo-algebra simply a differentiable T c -associative 
algebra. 

Now we have the following main theorem which gives a geometric and op- 
eradic formulation of the notion of grading-restricted conformal open-string 
vertex algebras: 
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Theorem 5.4 The category of grading-restricted conformal open-string ver- 
tex algebras of central charge c is isomorphic to the category of differentiable 
T c -associative algebras. 

Proof. The proof of this theorem is basically the same as that of the isomor- 
phism theorem for the geometric and operadic formulation of vertex operator 
algebras in H6 . Here we give a sketch. Some more details will be given in 

Let (V, Y , 1, u) be a grading-restricted conformal open-string vertex al- 
gebra of central charge c. We construct a differentiable T c -associative al- 
gebras of central charge c as follows: The R-graded vector space V is nat- 
urally a completely reducible R + -module. The module W for the Virasoro 
algebra generated by 1 is an IR-graded subspace of V and therefore is an 
M + -submodule of V. In |H2j and |H6j . a section ip of the line bundle K c over 
K is chosen. The restriction of this section to T is a section of T c and, for 
simplicity, we still denote it by ip. For an element 

Q = (n, • • • , rw; A(°\ A«), . . . , (4 n) , A™)) (5.1) 

of T(n), any element of the fiber of T c over Q is of the form \ip n (Q) where 
A G C. When r 1 > ■ ■ ■ > r n _i > 0, we define <f> n (\i> n (Q)) by 

($ n (tyn(Q)))(vi® ■■■®v n ) 

. y0(e -E ja+ r^) (fl M) ) - iVi)rn _ i) . 

•e-^« + ^ ,L(j) (a^)- L(0) ^ 

for Wi, . . . , v n e V. In general, for any Q 6 T(n), we can always find <jq G S n 
such that cq(Q) is of the form of the right-hand side of (|5.1|) such that 
ri > • • • > r n _i > 0. We define ® n (\ip n (Q)) by 

($ n (A^ n (<5)))K ® • • • ® «n) = ^n(A^n(^Q(<5)))(^-i(i) ® • • • ® %i( n )) 

for . . . ,t>„ G V. It can be verified in the same way as in [H6J that the 
triple (V, W, v) is a differentiable T c -associative algebra of central charge 
c. This construction gives a functor from the category of grading-restricted 
conformal open-string vertex algebras of central charge c to the category of 
differentiable T c -associative algebras. 
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Conversely, given a differentiable T c -associative algebra (V, W, $), we con- 
struct a grading-restricted conformal open-string vertex algebra as follows: 
As in |H6j . for £6K and i G Z+, let A(e; i) be the element of II whose i-th 
component is equal to e and all other components are and the element 
of II whose components are all 0, and for r G R + , let 

P(r) = (r;0,(l,0),(l,0))eT(2)cA'(2). 

We define the vertex operator map 

Y° : (V ® V) x R + -> F, 

(«i(8)U2,0 y (vi,r)u 2 

by 

^(fi,rh = ($2fe((i 5 (r))))(^i®^) 
for f i, f 2 € V and r G M + . The vacuum 1 G V is given by 

1 = $0(^0(0)). 
The conformal element u u is given by 

CLE e=0 

It can be proved in the same way as in |H6j that (V, Y°, 1, ui) is a grading- 
restricted conformal open-string vertex algebra. This construction gives a 
functor from the category of differentiable T c -associative (pseudo-) algebras 
to the category of conformal open-string vertex algebras of central charge c. 

It can be shown in the same way as in [H6J that these two functors 
constructed above are inverse to each other. Thus the conclusion of the 
theorem is true. ■ 

The result above can actually be generalized to show that a grading- 
restricted conformal open-string vertex algebra of central charge c gives an 
algebra over a partial operad extending the operad of the c-th power of 
the determinant line bundles over the so-called "Swiss-cheese" operad (see 
jVj). We actually have a stronger isomorphism theorem than Theorem 15.41 
involving meromorphic centers of grading-restricted conformal open-string 
vertex algebras. To formulate this result, we first introduce the underlying 
partial operads. 
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A disk with strips and tubes of type (m, n; k, I) (m, n,k,l G N) is a disk 
S with m + n distinct, ordered points pf , . . . ,pf +n (called boundary punc- 
tures) on the boundary of 5* and k + I distinct, ordered points p[ , . . . ,p{ +i 
(called interior punctures) in the interior of S with pf , . . . ,pf and p{, . . . ,p T k 
negatively oriented and the other (boundary or interior) punctures positively 
oriented, and with local analytic coordinates 

( U l, <P? )) • • • : { U m+n> ^m+n); (^1 , <Pl), > ■ > , ( U k+h <Pk+l) 

vanishing at the (boundary or interior) punctures pf , . . . ,^ +n , p[, . . . ,p T k+l , 
respectively, where for each i = 1, . . . , m + n (or j = 1, . . . , k + I), Uf (or 
Uj) is a local coordinate neighborhood at pf (or pj) and ipf : Uf — > M 
(or (ft : Uj — > C), mapping the boundary part of Uf (or mapping Uj) 
analytically to E (or C) and satisfying <pf(pf) = (or (pf {pf) = 0), is a local 
analytic coordinate map vanishing at pf (or p{). Note that when k = I = 0, 
we have a disk with strips of type (m,n). In the present paper, we consider 
only disks with strips and tubes of types (l,n;0, 1) for n, I G N. For such 
a disk with strips, we use the subscript and the subscripts l,...,n to 
indicate that the corresponding boundary punctures are negatively oriented 
and positively oriented, respectively. 

Similar to disks with strips, we have a sewing operation which sews two 
disks with strips and tubes at boundary punctures of opposite orientations. 
Here we shall call this sewing operation the boundary sewing operation. On 
the other hand, we can also sew the negatively oriented puncture of a sphere 
with tubes to an interior puncture of a disk with strips and tubes just as we 
sew two spheres with tubes in |H6]. We shall call this sewing operation the 
interior sewing operation. 

The conformal equivalences for these disks with strips and tubes are de- 
fined in the obvious way. For n > 1 and I G N, the moduli space of disks with 
strips and tubes of type (1, n; 0, 1) can be identified with T(n; /) = A™ -1 x IT x 
n S+ xM u xHl c where A, n and n K+ are defined above, H ands H c are defined 
in |H6j and is the set of elements of El' with nonzero and distinct compo- 
nents. Analogously, for I G N, the moduli space of disks with strips and tubes 
of type (1,0; 0,Z) can be identified with T(0; 1) = {A G IT | A x = 0} x H l c . 
Note that T(n) = T(n;0) for n G N. In particular, the identity It is an 
element of T(l; 0). Also, for n G N, S n acts on T(n; I) in the obvious way. 
Let &(ri) = Ui e ^T(n;l) for n G N. Then S n acts on &(n) for n G N. The 
following result is clear: 
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Proposition 5.5 The sequences & = {&(n)} ne fq together with the boundary 
sewing operation, the identity ir G T(l) = T(1;0) and the actions of the 
symmetric groups, has a structure of a smooth WL + -rescalable partial operad. 
In addition, for each n G N, there is an action of the sphere partial operad 
K on &(n) given by the interior sewing operation. 

Borrowing the terminology used by Voronov in jV] , we shall call the M + - 
rescalable partial operad & the Swiss-cheese partial operad. But note that 
our partial operad is much more larger than the Swiss cheese operad. In fact, 
Swiss cheese operad is an analogue of the little disk operad while our Swiss 
cheese partial operad is an analogue of the sphere partial operad in jH6j . 

For each pair n, I G N, we have an injective map from T(n; I) to K(n + 2l) 
obtained by doubling disks with strips and tubes as follows: For any disk with 
strips and tubes of type (l,n;0, I), by the uniformization theorem, we can 
find a conformally equivalent disk with strips and tubes of the same type 
such that its underlying disk is HI. This latter disk with strips and tubes can 
be doubled to obtain a sphere with tubes of type (l,n + 21) such that its 
underlying sphere is the double C U {00} of EL By definition, we see that 
conformally equivalent disks with strips give conformally equivalent spheres 
with tubes. Thus we obtain a map from T(n; I) to K(n + 21). Clearly this 
map is injective. 

It is clear from the definition that these maps respect the (boundary) 
sewing operations. In addition, these maps also intertwine the actions of K 
on &(n) for 116N and the actions of K on the images of &(n) obtained by 
doubling the actions of K on K{n). We shall identify T(n; /) with its image 
in K(n + 2l). 

For any c G C, the restriction of the partial operad K c of the |-th power 
of the determinant line bundles over if to 6 has a natural structure of a 
partial operad. This partial operad is called the C-extension of & of central 
charge c and is denoted & c . For any n G N, the action of K on &(n) also 
induces an action of K c on <S c (n). For any n G N, the restrictions of the 
sections ip n +2i of K c {n + 21) for I G N to T(n; I) gives a section of & c (n) and 
we shall use ^® to denote this section. 

We now consider a completely reducible M + -module or, equivalently, 
an M-graded vector spaces V° = LL 6R VR and completely reducible C x - 
modules or, equivalently, Z-graded vector spaces V LC = U m6Z V/£j and 
yRC _ Vj^. (Here O, LC and RC means open, left closed and 

right closed, respectively.) Let W°, W LC and W RC be an M + -submodule 
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of V°, a C x -submodule of V LC and a C x -submodule of V RC , respectively. 
Associated to V LC , W LC , V RC , W , we have the endomorphism par- 
tial pseudo-operads Hy LCwLC , Hy RC wRC and Hy LC ^,y Ra ^_ ^^cw^ac)- ( see 
|HLlj . |HL2j and [H6 j), where (V RC Y and (W RC )~ are the complex con- 
jugate of V RC and W RC . We also need an endomorphism partial operad 
constructed from V°, W°, V LC , W LC , V RC and W RC . For n, I G N, let 
jff i/o,vi/O;yic 0( yflc ) - iH /z,c 0(l yflc ) -(^;O be the space of all linear maps from 
(V°j® n ® (y LC (g)(y RC )-)®' to W such that (lf°)®" ® (W LC <g> (W^) - )®' 
is mapped to W° and for n G N, let 



TT -^yo i w°;y LC ®(v / « c )-,iy iC ®(w« c )- ( n ' ^ - 



1&N 

Then it is clear that for n G N, the endomorphism partial pseudo-operad 

-^y iC ®(v« c )-,VK LC ®(wflC)- acts on H y o ^ w0 .y LC ^ vRC y ^ wLC ^ wRC y{n) and 

11 v°,w°;V LC ®(v RC )-,w LC ®(w RC )- 

= {-Hv°,W°;V LC ®(V RC )-,W LC (gi(W RC )- ( n )}«eN 

is an R + -rescalable partial pseudo-operad. We call it the endomorphism 
partial pseudo-operad for (V°, W°; V LC <g> (V RC Y , W LC ® (If 120 )"). 

Notice that H^l c wLC <g> (H^ RC wRC )- (here (#yHc iW flc)~ is the com- 
plex conjugate of Hy RC wRC ) can be embedded naturally into the space 
H^lc^vRcy^Lc^wRcy Below we shall view H^l C wLC <g> {H^ RC wRC )- 
as a partial pseudo-suboperad of H^ x LC(S)i y RC) _ wLC(S){wRC) _ . 

Let c be the complex conjugate of c G C. The complex conjugate K 5 of 
K c is also a C x -rescalable partial operad. Consequently the tensor product 

K c (g> K 5 (the tensor product of line bundles) is also a C x -rescalable partial 
operad. Interpreting the action of K on & using the method of doubling 

disks, we see that K c <g> K 5 acts naturally on & c . 

We are interested in certain algebras over & c for c G C. 

Definition 5.6 A pseudo-algebra over & c generated by a differentiable T c - 
associative pseudo-algebra and meromorphic actions of two K c -associative 
algebras or simply a differ entiable-meromorphic pseudo- algebra over & c con- 
sists of the following data: 
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1. A completely reducible M + -module V° = LL eR VR satisfying the con- 
dition dimV^ < oo for s G H. and completely reducible C x -modules 

V LC = Umez V tm) and yR ° = LLez V ™ satisfying the condition 
dim < oo and dim < oo for m G Z. 

2. An R+-submodule W° of V° and C x -submodules W LC and of 
V LC and respectively. 

3. A morphism $ of M + -rescalable partial pseudo-operads from & to the 
endomorphism partial pseudo-operad Hyi w0 . vLC ^ {vRC) _ >wLC ^ {wRC) _ 

and a morphism \1> of C x -rescalable partial pseudo-operads from K c ® 

^ 5 to the endomorphism partial pseudo-operad H^l c ^ {vRC) _ wLC(g)( yRcy 

These data satisfy the following conditions: 

1. For s G K sufficiently negative, = and for m G Z sufficiently 
negative, ^ = = 0. 

2. For any n G N, : 6 c (n) -> fl'JS )H , .vio (8 vHo )W -i,o (8W «cf( n ) is linear 
on the fibers of & c (n). 



3. The morphism \1/ is equal to \& L <S> ^ R where ty L (^ R ) is a morphism 
of C x -rescalable partial pseudo-operads from K c (K c ) to Hy LC wLC 

(Hy RC W R C ) and is the complex conjugate of ^/ R . In addition, 

the triples (V LC , W LC , and (V RC , W RC , ^ R ) are meromorphic K c - 
associative algebra and K c - associative algebra, respectively. 

4. For any n G N, the map 

$„ : 6 C (n) — > -ffyO iH/ 0.yLC cg) (yflC)- il yLC c g ) ( H /ilC)-(^) 

intertwines the action of the partial operad K c <g> i^ 5 on (5 c (n) and 
the action of the partial pseudo-operad Hy^ LC(B){ y RC) _ ^ wLC ^ v r C) - on 

,w°-,v LC ®(v RC )- ,w LC ®(v RC )-( n ^ ■ 

5. For any si,...,s n G R, there exists a finite subset i?(si, . . . , s n ) C K 
such that the image of LL 6si+z Vg<g>- • -<8>IL 6Sn+z Vg under $ n (^® (Q)) 

for any Q G f c (n; 0) is in U se ii( Sl ,..., s „) + z Vg- 
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6. For any v' G (V )', u 1 ,...,u n G V°, v{ <g) , . . . , <g> G V 1 ' 6 ' ® 

(«', $ n ($f (Q))(«i <g> • • • <g> m„ <g> ^ L <g> uf <g> • • • <g> u, L <g> u/*)) 
as a function of 

Zl ,...,z i; (bi;\BV),..-,(bi!\B^y, 

G T c (n;Z) C K{n + 2l) 

is of the form 

/i(n, . . . , r n _i; z 1 ,...,zi;z 1 ,...,zi)- 

i=i 

(a« ■ ■ ■ , (aj*), AW); • • • , (&<?>, 

where the functions 

/i(ri,...,r„_i;zi,...,zj; &,...,&) 

for i = 1, . . . , are continuous differentiable in ri, . . . , r n _i and are 
meromorphic in zi, . . . , Z/, £i, . . . , & with Zj = 0, oo and Z{ = Zk, % < k, 
Zi = rj, & = 0, oo, & = £ k , i < k, & = Tj and ^ = £ k for i, k = 1, . . . , I 
and j — 1, . . . , n — 1 as the only possible poles, and 

9i (AM (a« A«), ■ ■ ■ , (a?', AW); • • • , (&<?, S<0); 

(4 1) , j d (1) ),---,(4°^ (0 )) 

for i = 1, . . . , k are polynomials in A*®, (a? 5 )* 1 , A (1) , • • • , (of )* 1 , ^ ( ™\ 
(&o 1) ) ±1 » • • • > (C)^ and (d^)* 1 , • • • , (d^ 1 , 

Morphisms (respectively, isomorphisms) of such pseudo-algebras over (5 C 
are morphisms (respectively, isomorphisms) of the underlying pseudo-algebras 
over & c preserving all the structures. 
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We denote the differentiable-meromorphic pseudo-algebra over & c just 
defined by 

(V°, W°, V LC , W LC , V RC , W RC , $, *) 

or simply by (V°, V , V ). For these pseudo- algebras, we also have the 
following result whose proof is the same as those of the corresponding result 
in |H6j and for Proposition 15.31 

Proposition 5.7 Any differentiable-meromorphic pseudo- algebra over & c 

(V°, W° } V LC , W LC \ V RC } W RC , $, *) 

is an algebra over & c , that is, the image of & c under $ is a partial operad 
(the image of & c under $ satisfies the composition-associativity) . 

Because of this result, we shall omit the word "pseudo" from now on. 

Note that given a vertex operator algebra V, its complex conjugate space 
V~ has a natural vertex operator algebra structure (V~, Y~, l,uJ) of central 
charge c. We have the following generalization of Theorem 15.41 

Theorem 5.8 The category of objects consisting of a grading-restricted con- 
formal open-string vertex algebra of central charge c G C, two vertex operator 
algebras, one of central charge c and the other of central charge c, and homo- 
morphisms from the first vertex operator algebra and the complex conjugate of 
the second vertex operator algebra to the meromorphic center of the grading- 
restricted conformal open-string vertex algebra is isomorphic to the category 
of differentiable-meromorphic algebras over & c . 

Proof. The proof of this theorem is basically the same as the proof of isomor- 
phism theorem for the geometric and operadic formulation of vertex operator 
algebras in H6 and the proof of Theorem 15.41 The main new ingredient is 
that we use those spheres with tubes which are obtained by doubling disks 
with strips and tubes. Here we give only a sketch. More details will be given 
in |K]. 

Given a grading-restricted conformal open-string vertex algebra V° of 
central charge c, vertex operator algebras V LC and V of central charge 
c and c, respectively, and homomorphisms h L : V LC — > Cq{V°) and h R : 
(yRCy _^ C (V°). Let W°, W LC and W RC be the modules for the Vira- 
soro algebra generated by 1°, 1 LC and 1 RC (the vacuums for these algebras), 
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respectively. By the isomorphism theorem in |H6j . there are meromorphic 
^-associative algebra {V LC , W , ty L ) and meromorphic ^-associative al- 
gebra (V RC , W RC , ty R ) constructed from the vertex operator algebras V LC 
and V RC , respectively Let # = \P L <8> ty R . 

By Theorem l5.4l there is a differentiable Y c -associative algebra (V , W°, $ ) 
constructed from V . Note that Y c is actually a partial suboperad of & c . So 
this differentiable Y c -associative algebra gives us part of a differentiable- 
meromorphic algebra structure over (5 C . In general, the construction of 
the differentiable-meromorphic algebra over & c can be obtained using the 
meromorphic K c - associative algebra (V LC , W LC , \1/ L ) and meromorphic K c - 
associative algebra (V , W , ), the differentiable Y c -associative algebra 
(V°, W°, $ T ) and the homomorphisms h L and h R . The action of the K c - 
associative algebra (V LC ® (V RC )~, W LC ® (W RC )~, is also obtained using 
the homomorphisms h L and h R . Thus we have a functor from the category of 
objects of the form (V , V LC , V RC , h L , h R ) to the category of differentiable- 
meromorphic pseudo-algebra over @ c . 

Now given a differentiable-meromorphic pseudo-algebra over (3 C , by the 
definition and the isomorphism theorem in [H6J, we know that there are 
vertex operator algebra structures of central charge c and c on V LC and V , 
respectively. In particular, we have vacuums 1 LC G V LC and 1 G V . 
Since T c is actually a partial suboperad of & c , by Theorem 15 .41 we also obtain 
a grading-restricted conformal open-string vertex algebra structure of central 
charge c on V°. For z G H, we consider an element Q(z) of T(0; 1) which 
is the conformal equivalence class containing the following disk with strips 
and tubes of type (1, 0; 0, 1): The disk H with the boundary puncture oo and 
the interior puncture z and with the standard local coordinates vanishing at 
these punctures. Then 

^ot^if (^(^O)) £ ,w°\V LC ®(v RC )~ ,w LC ®(w RC y^ 1) 

= B.om{V LC ® (V RC y, V°). 

By Condition 6 in Definition 15.61 we know that ^q(iP^(Q(z))(v l ® 1^) is 
meromorphic in z with the only pole z = oo. In particular, 

lim$ (^o e ( fi W))(^ L ® l 7 ^) 

2— >0 

exists. We define 

h L {v L ) = lim$ (V> 6 (ft(z))(t; L ® Vic). 
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Thus we obtain a linear map h L from V LC to V° . It is easy to see that 
the image of h L is in fact in Cq{V°) and h L is a homomorphism from V LC 
to Cq(V°). Similarly we can construct h R . Now we have a functor from 
the category of differentiable-meromorphic pseudo-algebra over & c to the 
category of objects of the form (V°, V LC , V RC , 

From the isomorphism theorem in 1H61 . Theorem 15 . 41 and the construction 
of the two functors above, we see that these two functors are inverse to each 
other. ■ 



In particular, we have: 

Corollary 5.9 Let V be a grading-restricted conformal open-string vertex 
algebra of central charge c. Then V gives a natural structure of an alge- 
bra over & c in the sense that (V, Cq(V), Cq{V)~) has a natural structure of 
differentiable-meromorphic algebra over & c . 



Proof. We have a grading-restricted conformal algebra V and a vertex op- 
erator algebra Cq(V). Let h L ,h R : Cq(V) — > Co(V) be the identity map. 
Then h L and h R are homomorphisms from Cq(V) to the meromorphic center 
of V. Then Theorem 15.81 gives (V,Co(V), (Cq(V))~) a natural structure of 
differentiable-meromorphic algebra over G c . I 



References 

[BPZ] A. A. Belavin, A. M. Polyakov and A. B. Zamolodchikov, Infi- 
nite conformal symmetries in two-dimensional quantum field theory, 
Nucl. Phys. B241 (1984), 333-380. 

[B] R. E. Borcherds, Vertex algebras, Kac-Moody algebras, and the 
Monster, Proc. Natl. Acad. Sci. USA 83 (1986), 3068-3071. 

[DMS] P. Di Francesco, P. Mathieu and D. Senechal, Conformal field theory, 
Graduate Texts in Contemporary Physics, Springer- Verlag, New 
York, 1997. 

[DF] V. S. Dotsenko and V. A. Fateev, Conformal algebra and multipoint 
correlation functions in 2d statistical models, Nucl. Phys. B240 
(1984), 312-348. 



49 



[CI] J. L. Cardy, Conformal invariance and surface critical behavior, 
Nucl. Phys. B240 (1984), 514-532. 

[C2] J. L. Cardy, Effect of boundary conditions on the operator content of 
two-dimensional conformally invariant theories, Nucl. Phys. B275 
(1986), 200-218. 

[C3] J. L. Cardy, Boundary conditions, fusion rules and the Verlinde 
formula, Nucl. Phys. B324 (1989), 581-596. 

[D] M. R. Douglas, Dirichlet branes, homological mirror symmetry, and 
stability, in: Proceedings of the International Congress of Mathe- 
maticians, Vol. Ill (Beijing, 2002), 395-408, Higher Ed. Press, Bei- 
jing, 2002. 

[FRW] A. J. Feingold, J. F. X. Ries and M. D. Weiner, Spinor construction 
of the c = | minimal model, in: Moonshine, the Monster, and related 
topics, Proc. Joint Summer Research Conference, Mount Holyoke 
College, South Hadley, 1994, e( h C. Dong and G. Mason, Contemp. 
Math., 193, Amer. Math. Soc, Providence, 1996, 45-92. 

[FFFS] G. Felder, J. Frohlich, J. Fuchs and C. Schweigert, Correlation func- 
tions and boundary conditions in rational conformal field theory and 
three-dimensional topology, Compositio Math. 131 (2002), 189-237. 

[FHL] I. B. Frenkel, Y.-Z. Huang and J. Lepowsky, On axiomatic ap- 
proaches to vertex operator algebras and modules, preprint, 1989; 
Memoirs Amer. Math. Soc. 104, 1993. 

[FLM] I. B. Frenkel, J. Lepowsky, and A. Meurman, Vertex operator alge- 
bras and the Monster, Pure and Appl. Math., 134, Academic Press, 
New York, 1988. 

[FRS1] J. Fuchs, I. Runkel and C. Schweigert, Conformal correlation func- 
tions, Frobenius algebras and triangulations, Nuc Phys. B624 
(2002), 452-468. 

[FRS2] J. Fuchs, I. Runkel and C. Schweigert, TFT construction of RCFT 
correlators I: Partition functions, to appear; hep-th/0204148 



50 



[HK1] P. Hu and I. Kriz, Conformal field theory and elliptic cohomology, 
to appear. 

[HK2] P. Hu and I. Kriz, D-brane cohomology and elliptic cohomology, to 
appear. 

[HI] Y.-Z. Huang, On the geometric interpretation of vertex operator al- 
gebras, Ph.D thesis, Rutgers University, 1990. 

[H2] Y.-Z. Huang, Geometric interpretation of vertex operator algebras, 
Proc. Natl. Acad. Sci. USA 88 (1991), 9964-9968. 

[H3] Y.-Z. Huang, A theory of tensor products for module categories for a 
vertex operator algebra, IV, J. Pure Appl. Alg. 100 (1995), 173-216. 

[H4] Y.-Z. Huang, Virasoro vertex operator algebras, (nonmeromorphic) 
operator product expansion and the tensor product theory, J. Alg. 
182 (1996), 201-234. 

[H5] Y.-Z. Huang, A nonmeromorphic extension of the moonshine module 
vertex operator algebra, in: Moonshine, the Monster and related 
topics, Proc. Joint Summer Research Conference, Mount Holyoke, 
1994, ed. C. Dong and G. Mason, Contemporary Math., Vol. 193, 
Amer. Math. Soc, Providence, 1996, 123-148. 

[H6] Y.-Z. Huang, Two-dimensional conformal geometry and vertex op- 
erator algebras, Progress in Mathematics, Vol. 148, Birkhauser, 
Boston, 1997. 

[H7] Y.-Z. Huang, Generalized rationality and a "Jacobi identity" for 
intertwining operator algebras, Selecta Math. (N. S.), 6 (2000), 225- 
267. 

[H8] Y.-Z. Huang, Differential equations and intertwining operators, 
Duke Math. J., to appear; math. QA/0206206 

[H9] Y.-Z. Huang, Riemann surfaces with boundaries and the theory of 
vertex operator algebras, to appear; math.QA/0212308 

[HKL] Y.-Z. Huang, A. Kirillov, Jr. and J. Lepowsky, Braided tensor cate- 
gories and extensions of vertex operator algebras, to appear. 



51 



[HLl] Y.-Z. Huang and J. Lepowsky, Operadic formulation of the notion 
of vertex operator algebra, in: Mathematical Aspects of Confor- 
mal and Topological Field Theories and Quantum Groups, Proc. 
Joint Summer Research Conference, Mount Holyoke College, South 
Hadley, 1992, ed. P. Sally, M. Flato, J. Lepowsky, N. Reshetikhin 
and G. Zuckerman, Contemporary Math., Vol. 175, Amer. Math. 
Soc., Providence, 1994, 131-148. 

[HL2] Y.-Z. Huang and J. Lepowsky, Vertex operator algebras and operads, 
The Gelfand Mathematical Seminars, 1990-1992, ed. L. Corwin, I. 
Gelfand and J. Lepowsky, Birkhauser, Boston, 1993, 145-161. 

[HL3] Y.-Z. Huang and J. Lepowsky, A theory of tensor products for mod- 
ule categories for a vertex operator algebra, I, Selecta Math. (N.S.) 
1 (1995), 699-756. 

[HL4] Y.-Z. Huang and J. Lepowsky, A theory of tensor products for mod- 
ule categories for a vertex operator algebra, II, Selecta Math. (N.S.) 
1 (1995), 757-786. 

[HL5] Y.-Z. Huang and J. Lepowsky, Tensor products of modules for a 
vertex operator algebra and vertex tensor categories, in: Lie Theory 
and Geometry, in honor of Bertram Kostant, ed. R. Brylinski, J.-L. 
Brylinski, V. Guillemin, V. Kac, Birkhauser, Boston, 1994, 349-383. 

[HL6] Y.-Z. Huang and J. Lepowsky, A theory of tensor products for mod- 
ule categories for a vertex operator algebra, III, J. Pure Appl. Alg. 
100 (1995), 141-171. 

[K] L. Kong, Ph. D. Thesis, Rutgers University, in preparation. 

[L] C. I. Lazaroiu, On the structure of open-closed topological field the- 
ory in two dimensions, Nucl. Phys. B603 (2001), 497-530. 

[Ml] G. Moore, Some comments on branes, G-flux, and i^-theory, Inter- 
nal J. Modern Phys. A16 (2001), 936-944. 

[M2] G. Moore, D-branes, RR-Fields and K-heory, I, II, III, 
VI, Lecture notes for the ITP miniprogram: The dual- 
ity workshop: a Math/Physics collaboration, June, 2001; 
http : / /online . itp . ucsb . edu/ online/mpOl/moorel 



52 



[M3] G. Moore, K- Theory from a physical perspective, to appear; 
15^^/0304018] 



[SI] G. Segal, The definition of conformal field theory, in: Differential ge- 
ometrical methods in theoretical physics (Como, 1987), NATO Adv. 
Sci. Inst. Ser. C Math. Phys. Sci., 250, Kluwer Acad. Publ., Dor- 
drecht, 1988, 165-171. 

[S2] G. B. Segal, The definition of conformal field theory, preprint, 1988. 

[S3] G. B. Segal, Two-dimensional conformal field theories and modu- 
lar functors, in: Proceedings of the IXth International Congress on 
Mathematical Physics, Swansea, 1988, Hilger, Bristol, 1989, 22-37. 

[S4] G. Segal, Topological structures in string theory, R. Soc. Lond. 
Philos. Trans. A359 (2001), 1389-1398. 

[V] A. A. Voronov, The Swiss-cheese operad, in: Homotopy invariant 
algebraic structures, in honor of J. Michael Boardman, Proc. of the 
AMS Special Session on Homotopy Theory, Baltimore, 1998, ed. J.- 
P. Meyer, J. Morava and W. S. Wilson, Contemporary Math., Vol. 
239, Amer. Math. Soc, Providence, RI, 1999, 365-373. 

[W] W. Wang, Rationality of Virasoro vertex operator algebras, Inter- 
national Mathematics Research Notices (in Duke Math. J.) 7 (1993), 
197-211. 

Department of Mathematics, Rutgers University, 110 Frelinghuysen 
Rd., Piscataway, NJ 08854-8019 

E-mail address: yzhuang@math.rutgers.edu, lkong@math.rutgers.edu 



53 



